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1.0 Imaginary Numbers and Human Experience

Generally speaking imaginary numbers are often thought to be, at worst, an annoyance, at
times, a reluctannhecessity and, at best, strange but of undeniable usefulndsshe same

time there is a striving to know just what exactly an imaginary numbek short survey of
various online forums shows interesting discussions wherein one writer typicallyadsksg an
intuitive understanding of the imaginary unit,and other writers attempt an answei-or
example here, orhere. Or if the forum is somewhat more science oriented, the discussion
centers around visual/physical representations of imaginary numbeos.examplehere.

The source of these types of discussions stems from the wide agreement asaigeheaic
definition of the imaginary unitand the perceived, by some, insufficiency as togkemetric
definition ofi.

The algebraic understanding is, of course, this definition:

QN p
along with comments such as this one from Leibniz and similar others:

"From the irrationals are born the iropsible or imaginary quantities whose nature is very
strange but whose usefulness is not to be despiSed."

The current geometric understandingias as units along the vertical axis of the complex plane

along with the intuitive sense @f rotation. These are described by the Argand Diagtam!

YR SEGSYRSR @Al O2YLX SE ydzYoSN& (2 | OANDES
Q Al-O ®EF

about which there is a similaluality as to wide agreement on the algebraic meaning and an
insufficient understanding as to the geometric meanifidnis duality is typified by comments
such as this one by Benjamin Pierce:

oGentlemen, thats surely true, it is absolutely paradoxical; we cannot understand it,

and we don't know what it means. But we have proved it,
and therefore we know must be the truthé

and mae recently this one by Scott E. Brddie
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G!'y AYyGdZAGA GBS dzy RSNBUOFYRAY3I 2F 9dzf SNH& F2
remains elusive, notwithstanding hundreds of years of conteriipk 2 y ® ¢

3Di coordinates offers a significant, and as will be seen, a very satisfying advance in the
geometric understanding of imaginary and complex numb€¥se that implies a direct
connection to human experienceAs suggested in the introduction tbis article, imaginary
numbers can now be seen to have these two additional definitions:

LY GKNBS RAYSyaiazyas AYFIAYINE ydzyR&NHE | NB Y
numbers are measurements on the horizontal and vertical directions. Mathexiyatidepth is
imaginary.

In three dimensions think of an i rotation as going from the horizontal or vertical to the front
rather than from the horizontal to the vertical as in the two dimensional complex plane.

In order to establish this direct connectiém human experience it is useful to note that

imaginary and complex numbers have historically not been seen to have a direct connection to
human experienceThephilosophicatoncerns relative to imaginary numbers no longer

generate much discussion butd direct connection to human experience is still insufficient.

CKAa A& aSSy Ay [SAoyAl Qa 02@S 1jd2iGS YR AY
Wigner:

The complex numbers provide a particularly striking example for the foregeenginly,
nothing in our experience suggests the introduction of these quantites.

Surely to the unpreoccupied mind, complex numbers are far from natural or simple and they
cannot be suggested by physical observatibhs.

3Di coordinates seeks to establish this direct connection to human experience beginning with
some simple visualizations:

Aswed I YR YR LISSNJ) 2dzi +&4G tAFS ¢S alyBas GKIIG &
we are rigorous about what we are actuadlgeingd KSy ¢S R2y QG | Oldz tfe& &°¢
two dimensional visual screen with an ever so slight sense of depthodoi@acular vision.

People who have only one eye functioning are acutely aware of the predominance of this two
dimensional screen.
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C2NJ SEFYLX S AT &2dz 61 f1 R2g6y GKS aGNBSG FyR
actually see anything other thahe front of the building.What we refer to as the facadis a
two-dimensional view which is even more pronounced if you close one eye.

LF S R2y Qi Y20Ss YR GKSNBFT2NBI O2yliAydzsS f 22
eye,wecandraw atwRA YSy aA 2yl f O22NRAYII (0SS aeadsSy Ay 2dz
of the building could be sketchedesigners and architects do this all the time. They are

sketching what one would actually see.

Mathematically, the exact point at which the eye wolddk, without moving, would be the
origin. And, we could draw a horizontglaxisand a verticay-axisfrom that origin point.

Now, if you happened to have had your eyes closed while someone else guided you to this

exact position, standing squarely N2 y i 2F (KS o6dzAf RAy3IX GKSYy K24
were looking at avholebuilding, rather than just the backdrop of a theater set or just the

facade of a Hollywood set?

The answer, depending on how well the film or theater set was constructeaaiyou would
NOT know.¢ KS GNBadté 2F GKS o0dzZAf RAY3IS 2N gKFEGSOSNI
imagined.

In another example, a friend once told me of an acquaintance of his who only had one eye and
who liked to play tennisAs the story goes the oreyed tennis player had to train himself to
observe thegrowing size of the tennis balt it moved toward him to know the proper distance

at which he should hit the ball for the return.

An even more striking example of this can be found in flight traifongilots. If a pilot is flying
under VFR (visual flight rules as opposed to IFR, instrument flight rules), as another aircraft is
observed, it is critical to determine whether or not there isetative motionbetween the two
aircraft. Here is one quie of the principle that can be found in many places:

if another aircraft appears to have no relative motion, but is increasing in size, it is likely to be
on a collision course with yét

Quite likely some interesting thought experiments may be conducted as to under what
conditions it is possible to know whether or not a tennis ball is of constant size and approaching
or at a constant distance and growingsize!

2S OFy Fftaz2 I|al auzMsoSHe diSahce that apidars to heunobsiréable
G2 GKS LAt20 06SG6SSy GKS (62 ExtehdidgiNg idquiry jidt I G | N.
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' 0AG FdzZNIKSNI al 2¢ R2 $asderiedSwhiclycar\sBdRIlde® G A 2y 2 F
determine the distance precisely, differ in terms of measurement fromtype of

measurement possible in the horizontal and vertical directions which, traditionally, uses
"measuring sticks"?At the very least, a radar ¢aser beam requireBme and a measuring

stick does not.

CNFYAFSNNAY3I GKAA ISYSNIf AYyIldzANE Rk NBada f & (2
assume a oneyed view? Can the common human experience of binocular vision, or in certain
cases thebsence of it, be suggestive of imaginary distance?

LF AGQa GNUzS (KIFG ¢S Ydzald AYF3IAYy SordepthG 32Sa 2
direction of perspective or imagine the distance to an object, moving or not, that is directly in

front of us then possibly imaginary numbers can be combined with the real plane to form a new
three-dimensional coordinate system more closely representative of what we actually observe.

In other words; To the degree that mathematics assists us in understanding whresve

as we look out at life, we must acknowledge the fact that what we perceive includes both seen
and imagined components. Consequently both real and imaginary values must be included in
the mathematical representation of it.

As a final example, spetirelativity theory with its concept of length contraction in the
direction of travel or parallel to ff* also is suggestive of a different quality to the third or
depth dimension.

Althoughquite interesting in and of itself, how much of the foregoing discussion is factual or
truthful is not what we wish to determine hereThe introduction of 3Di coordinates only takes
the very small step of declaring that the third or depth dimension fBcently different from

the horizontal and vertical directions to warrant a slightly different mathematical treatment.
And that slightly different treatment is only to define the third dimension as being imaginary
analogous to theg-axisbeing definedmaginary in the complex plane.

As it turns out this small step of defining the third dimension as imaginary brings wonderful
new results.
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1.1 General Characteristics

The Three Dimensionaoordinate System for Compumbersa OF f f SR a05A Q 6 KA C
FONBYeE@&Y F2N W¢ KA NIIS Bayed ohdhe Bliwirtelnitiah and NEB Q
characteristics:

1) In three dimensionsimaginary numbers N3 Y SI adz2NSYSyGa Ay GKS
Real numbers are measurements in theikontal and vertical directions.
Mathematically, depth is imaginary.
2) In three dimensions think of d@otation as going from the horizontal or vertical to
the front, rather than from the horizontal to the vertical.
3) AWRA YSvy aA 2 yis thkertolfuhdhddd. @ié&afing, functions are categorized
08 (KS ydzYoSNJ 2F RAYSyaAiazya (GKS LI NIAOdzZ |
meant is essentially a variable.
4) One of the primary points of view is thaaginary dimesions are as equally
important, and as equally preserds real dimensions.
5) The primary purpose of the-eook is to present a wonderful array of the many new
Fdzy Ol A2y a Yl RSnditdgiphihese Sinciiods. Wo 5 A

To make it a little clearer, witthis model we could say that the usuahl planemight be

RSaAAIY Il (KB 102 YWIH 5 E Ghéf usugl $eal spiace dsHaBd\tis system as
3Di.
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1.2 Associated Dimensions and Functions

Functions may be categorized by the number iafi@hsions i.e. variableg=or this

categorization, the presence and numberi@a Ay GKS RSaAA3IAYIFGA2Yy RSy2i
imaginary dimensions or imaginary variables. Continuing from 2D, 2Di, 3D, 3Di we may have for
example, 4Di, 4Dii, 5Dii, 6Diii anal @n.

The functions that are graphetherefore, aseciate the number of variablesncluding both
input and output- to the number of dimensions and give rise to the follomusgful
categorizatiorof typesof functions:

3Di ® Q& Qw helixes,polynomials, conicselliptic and
hyperelliptic curves

4Di & Q& "Qud function norphing
4D Q& "QafiQo helix morphing
4Dii 0 Qd Qw Q— complex natural logs
4Dii @ Qw "Q— Qa complex imaginary logs
4Dii @ Qg Q6 "Qu closed and opersurfaces
w Q6 "Qu
5Dii (0w Q6 QU circular sirffaces
Qa Q6 "Qu
® Q6 Qb
6Dii |® QO Qi closed surface objects in motion
VA Q6 Qlwd

With five andsix variablesow becomes exclusivelyneoutput variable whereas in lower
dimensions it is usuallyoth an input and an output dimension.
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1.3 Examplan 4Dii

As can be seen in the Table of Contents, this eBook organizes all of the many and varied
functions by their number of variables cgistent with the table above. Here is an example of
4Dii which generates a new interpretation of tagponential/natural logunctions:

6 RaQ 9
1o Q1 o g

In 4Dii thesdorm asimple geometry of a rotationfdhe usual exponential grapfhis way it
canbe§ Sy G KI G GKS oPthe/ldyAuyclionehictiishblv ypOrkhviodhree
dimensionscan be interpreted geometrically astationsof the threedimensionalexponential
graph with "Q-sspecifyng the amount of rotation. In this way, the multalued nature of the
natural log function is simplighe state of rotation of the threadimensionalkexponential graph.

3Di coordinates allow theomplex exponenél function and its inverse, the complaatural

logarithmic funcion, to be displayed as a fedimensional function with a wonderful
geometric interpretation.

Animation1 Q w 2 { | xjokeyitidl QaphQ
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Any point on thegraph at any state of rotationis uniquely specified by the four coordinates
ot —as follows:

wis the real horizontal axis coordinate.

wis the real vertical axis coordinate.

"Qds the imaginary depth axis coordinate.

‘Q4s-the imaginary rotation of the exponential graph.

This interpretation also shows why the natural log of zeropf «fiQa  THTQ, is not possible

since any point with these coordinatesnot onthe graph. Eithetwé i"Qénay be zerpbut not
both.

| RRAGAZ2YFEE&r OKIVIAMD, Gk/QRrB0 W2 FINGSE  WNBIAS2 v |
6 QU

®w QaQ

1o Qa 6 Qo

forms asurface bygraphinga complete revolution at onc&here any point on the surface is
specified by the four coordinates:
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See sectiorl1.23 The Four Coordinate Compkexplog Surface
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As the eBook progressesioving from one category of functions to the next, when the number
of dimensions/variables becomes greater than fomhich may be thought of ake four
observable dimensia) we can formulate a notion admbedded dimensiorteat play more of

a parametric role.

For example, in 6Dii:

® Q6 Qb
6DIi |00 Q6 QW
QA "Q6 Qi

there would be the usual three spatial dimension$ufiQglus the usual motion or animation
dimension indtated byW {iTéeRe four would be the observable dimensiodsd then two
more dimension indicated by, in this case, "‘Qwhichwould be the embedded dimensions
playing a parametric role.

Thepoint in this modeling, again, is that dimensions would be characterized by the number of

variables, rather than by any intrinsic properties of a space or an object135keObservable
and Embedded Dimensiof@gr more discussion.
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2.0 3DiMeansd ¢ KANR 5AYSYaAzy

2.1 Constructing the Coordinate System

la ¢S 221 G GKS 0dzif RA Y IvRdan Makeorlhd® \Be séeh (0 K 2 dzNJ
correspond to the real planéccordingly, weould thenspecify functions on this real plane of
the type:

®w Qw

The horizontal axis takes on the valuesp@nd the vertical axis takes on the valuesi8fAnd,

in accordance witengineering desig (as well as everyday usagepwill OF £ £ GKA & GKS Y4
@A Skeumher, sinceitiseal LX ' yS ¢S gRANE Y DI NB FRR dnd#idkKy6S @ 2 NJ
modeling we can designate it as 2D.

Belh Yy R ( KS 0 dzA f Rdussed ethirdlimeasidR 8nd iveighve tBaf dimension the
variabled - as thedepthaxis. We can designate this as 3D.

So, we have thus far:
W MBI Qd EcE@d a
® J0 Qi o B Gix
a oMQQMNOw QI

This idifferent thanthat which is used in some othapplications, particularly surfaces, where
ais often used for the vertical direction.

al dKSYFiAOFKftes GKS LINROfSY Aada K2g (G2 aLISOATe
cannotseell KSY @ | 2y @SYyASyildtes YIFHGKSYIFIiAOa KIFa |y2(
which usesmaginarynumbers.
This plane uses the following:

® OMAB i "Qa ECEWW &

Qw N Qi 6 I
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This plane is usually callédbut we will designate it a8Di. Here is a clue:

LT AGQa d(NHZS GKFdG ¢S Ydzad A Yl &ckde@h dagtiondf 32 Sa 2
perspectivethen possibly imaginary numbers can be combined witmegakplane to form a
new threedimensional coordinate system.

So then the problem would be how toombinethe real plane with the complex plane?

In the complex plane the real values are in the horizontal direction. This is the samerealthe
plane. So far so goodnd, in the omplex planethe imaginary numbers are in the vertical
direction, whereaswe wart them in the depth directionSq if we take the complex plane, as
we look at it, and thertay it downflat in front of us- effectively rotating it top-endforward,
about the horizontal axisthen the imaginary numbers will be in tiierward-backward or

depth direction, rather than the verticalThen by changing the axis nanfier the complex

plane from"Qéo "Qdor the depth direction in our new threglimensionakystem we have the
new coordinates and we can designate thi3Bs.

This would be the same as taking our initial x, y, z space and multifign® cXd ¢ "Q'Qan'Q
the depth direction.

Thiscombined real and imaginary plane construatadlows us to write functions of the type:
®w Qa Qw

in which:

i.  The real inputowill be graphed on the horizontal axis.

ii.  The real outputowill be graphed on the vertical axis.

i. And, theimaginaryoutpuR@ At f 6S 3INF LIKSR 2y GKS GRSLI
Sq in stepby-step progression from 2D to 2Di to 3D tDi3we have made théransition from
two dimensions to three and combindle real and complex planesvith our eyenow at the

origin ofthree axes instead of two.

But wait a minute5 2 S & Yy Q Gatioi WeSustSvipte normally mean onlgurves on the real
plane since:d T

Well, the answer idt dependslIf "Qw onlygenerates real numbers like these functions:
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Vw w €iMQw Q

Then yes,a would always equal zercand so"Qawould equal zerpand- very important- our
functionwould only exision thefront real plane (FRP.) But take, for example, a function like:

®w Q& Qw

Then o would always equal zero rather tha3And, we can ask the questiokVhere would
this straight line lie?

Sincew(the vertical axis) is alwayero,this line lies entirely on thecfiQdplane which is the
horizontal and depth plane. This plane cannot be seen by our eye at the origin of the front view
since it extends directly favard and backward of our eye. We will call this planetbp view.Q

And since itis an imagil NB LJ | Yy S Gt6LI 6M X If 3 XOyFof M@ TIPLIE 1y KSQ W

In order to ge this plane we would have to look down onAtnd if we digthen the straght
line would looklike:

top view TIP'

And, in three dimensions:
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+y

3D straight line with vertical component zero
So the function:

®w Qa Qw
can produce threalimensional space functions that have imaginary part zana lie only on
the frontreal plane or functions that have real part zerandlie only on the togmaginary
plane. By extensionQw can producecomplexnumbers that lie neither on the front reahor

the top imaginary planedut anywhere in spaceAs we shall seghey may also ligoartly on
the front or top planes as well.

Now consider thehree-dimensional spactunctionformed by the Euler Formula:

w QaQ Al EOEI

in which:
® MBI "Qa ECEW &
O OO Qi 6 MDA T
Qa FMQ Q D w QI Ed
Thisgivesthe resultthat, in three dimensionsd dzf SN & C2NXdz | LI dasSa GKS
Fdzy OlA2y&ad 9dzf SND& T2 N)ydz | 0 $hé&mivzénial akis. KSt A E

Its real value output gives tremplitude in the verticadlirection Y R A 0 Qa A Yl IAY | NB
the amplitude in the deptldirection.
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¢KS a9dzZ SNI I Sf AE¢

More onEuleQ & C 2 NJdlk ih sedtigftkd 9 dzf SmddIaUpgtaded Helixand Spiral
Functions

And as we will sethroughout this bookpne of the advantages @Di isthat f(x) itselfmaybe
treated as a threedimensional function andeneratecomplex numbeputput from real,
imaginary or complex inpuandby sodoing allowall three dimension$o betreated in one
equation
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2.2 A Left Hand System

The positive directions are rightip, and forward (the direction we are lookingAnd, this
makes a left handoordinate systenin which from the origin

|.  thumbpointingup - the vertical axis takes onpositiveNB | £ W& Q @I f dzS &
ll.  indexfinger pointingforward - the depth axis takes onpositiveA Y 3 A Yy | NB Wi
values

lIl.  middlefinger pointingright - the horizontal axis takes onpositiveNB | f  WE Q
value

3Di is a left hand coordinate system:

fe it Hhuemd
*y

le ) index Finger
+iz

le ' miadle
Finger

X
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2.3 Projection Planes

With any given 3Di space functiody & Q" Qo , there will be sixesulting twedimensional
Projection planeSwhich are the two sides of the three colored planes shown below.

Of the six esulting twedimensionaplanestwo2 ¥ (1 KS Léallpigng€and fodkIBfthéd NJ
LI | y SidagihaSt MNyasfallows:

i. Both sides of the violet planghorizontal axigreal) and vertical axi¢real) -
oo , which we will call the front and reaeal planes.

il. Both sides of the red planehorizontal axis (real) andiepth axis (imaginary)
atiQ g which we will call the top and bottorimaginaryplanes.

ili. Both sides of the blue plangdepth axis (imaginarngnd vertical axis (rea)
"Ofwo hwhich we will call the left and right sideaginaryplanes.

In practice ve wil rarely, if ever, use the reand bottom planes and only occasionally use the
left side plane.
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