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1.0 Imaginary Numbers and Human Experience  
 

Generally speaking imaginary numbers are often thought to be, at worst, an annoyance, at 

times, a reluctant necessity and, at best, strange but of undeniable usefulness.  At the same 

time there is a striving to know just what exactly an imaginary number is.  A short survey of 

various on-line forums shows interesting discussions wherein one writer typically asks about an 

intuitive understanding of the imaginary unit,  i, and other writers attempt an answer.  For 

example, here, or here.  Or if the forum is somewhat more science oriented, the discussion 

centers around visual/physical representations of imaginary numbers.  For example, here. 

The source of these types of discussions stems from the wide agreement as to the algebraic 

definition of the imaginary unit i and the perceived, by some, insufficiency as to the geometric 

definition of i. 

 

The algebraic understanding is, of course, this definition: 

Ὥ Ѝ ρ 

 

along with comments such as this one from Leibniz and similar others: 

 

"From the irrationals are born the impossible or imaginary quantities whose nature is very 

strange but whose usefulness is not to be despised."[*]  

The current geometric understanding of i is as units along the vertical axis of the complex plane 

along with the intuitive sense of a rotation.  These are described by the Argand Diagram [*]   [**]  

ŀƴŘ ŜȄǘŜƴŘŜŘ Ǿƛŀ ŎƻƳǇƭŜȄ ƴǳƳōŜǊǎ ǘƻ ŀ ŎƛǊŎƭŜ ōȅ 9ǳƭŜǊΩǎ ŦƻǊƳǳƭŀΥ 

 

Ὡ ÃÏÓ— ὭÓÉÎ—  

 

about which there is a similar duality as to wide agreement on the algebraic meaning and an 

insufficient understanding as to the geometric meaning.  This duality is typified by comments 

such as this one by Benjamin Pierce: 

άGentlemen, that is surely true, it is absolutely paradoxical; we cannot understand it,               

and we don't know what it means. But we have proved it,                                                               

and therefore we know it must be the truth.έ 

 

and more recently this one by Scott E. Brodie[*] : 

http://math.stackexchange.com/questions/199676/what-are-imaginary-numbers
http://uk.answers.yahoo.com/question/index?qid=20121229090312AAbhgOu
http://www.scienceforums.net/topic/72145-questions-about-visualphysical-representations-of-imaginary-numbers/
http://books.google.co.id/books?id=PvfpyjM0PBYC&pg=PA145&lpg=PA145&dq=Leibniz:+%22From+the+irrationals+are+born+the+impossible+or+imaginary+quantities+whose+nature+is+very+strange+but+whose+usefulness+is+not+to+be+despised.%22&source=bl&ots=e6yQvXUoX5&sig=
http://mathworld.wolfram.com/ArgandDiagram.html
http://en.wikipedia.org/wiki/Complex_plane
http://www.cut-the-knot.org/arithmetic/algebra/Scott.shtml
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ά!ƴ ƛƴǘǳƛǘƛǾŜ ǳƴŘŜǊǎǘŀƴŘƛƴƎ ƻŦ 9ǳƭŜǊϥǎ ŦƻǊƳǳƭŀ ŦƻǊ ǘƘŜ ŎƻƳǇƭŜȄ ŜȄǇƻƴŜƴǘƛŀƭΣ 

remains elusive, notwithstanding hundreds of years of contemplŀǘƛƻƴΦέ 

 

3Di coordinates offers a significant, and as will be seen, a very satisfying advance in the 

geometric understanding of imaginary and complex numbers.  One that implies a direct 

connection to human experience.   As suggested in the introduction to this article, imaginary 

numbers can now be seen to have these two additional definitions: 

Lƴ ǘƘǊŜŜ ŘƛƳŜƴǎƛƻƴǎΣ ƛƳŀƎƛƴŀǊȅ ƴǳƳōŜǊǎ ŀǊŜ ƳŜŀǎǳǊŜƳŜƴǘǎ ƛƴ ǘƘŜ ΨŘŜǇǘƘΩ ŘƛǊŜŎǘƛƻƴΦ  Real 

numbers are measurements on the horizontal and vertical directions. Mathematically, depth is 

imaginary. 

In three dimensions think of an i rotation as going from the horizontal or vertical to the front 

rather than from the horizontal to the vertical as in the two dimensional complex plane. 

In order to establish this direct connection to human experience it is useful to note that 

imaginary and complex numbers have historically not been seen to have a direct connection to 

human experience.  The philosophical concerns relative to imaginary numbers no longer 

generate much discussion but the direct connection to human experience is still insufficient. 

¢Ƙƛǎ ƛǎ ǎŜŜƴ ƛƴ [ŜƛōƴƛȊΩǎ ŀōƻǾŜ ǉǳƻǘŜ ŀƴŘ ƛƴ ǘƘŜǎŜ ǘǿƻ ŎƻƳƳŜƴǘǎ ōȅ bƻōŜƭ [ŀǳǊŜŀǘŜ 9ǳƎŜƴŜ 

Wigner: 

 The complex numbers provide a particularly striking example for the foregoing. Certainly, 

nothing in our experience suggests the introduction of these quantities.  [*]  

Surely to the unpreoccupied mind, complex numbers are far from natural or simple and they 

cannot be suggested by physical observations. [*]  

 3Di coordinates seeks to establish this direct connection to human experience beginning with 

some simple visualizations: 

As we sǘŀƴŘ ŀƴŘ ǇŜŜǊ ƻǳǘ ŀǘ ƭƛŦŜ ǿŜ άƪƴƻǿέ ǘƘŀǘ ǿŜ άǎŜŜέ ŀ ǘƘǊŜŜ ŘƛƳŜƴǎƛƻƴŀƭ ǊŜŀƭƛǘȅΦ  But, if 

we are rigorous about what we are actually seeing ǘƘŜƴ ǿŜ ŘƻƴΩǘ ŀŎǘǳŀƭƭȅ ǎŜŜ ŀƴȅǘƘƛƴƎ ŜȄŎŜǇǘ ŀ 

two dimensional visual screen with an ever so slight sense of depth due to binocular vision. 

People who have only one eye functioning are acutely aware of the predominance of this two 

dimensional screen. 

http://www.dartmouth.edu/~matc/MathDrama/reading/Wigner.html
http://www.dartmouth.edu/~matc/MathDrama/reading/Wigner.html


A New Coordinate System for Complex Numbers 18 

greg ehmka, 2013 
 

CƻǊ ŜȄŀƳǇƭŜΣ ƛŦ ȅƻǳ ǿŀƭƪ Řƻǿƴ ǘƘŜ ǎǘǊŜŜǘ ŀƴŘ ǎǘŀƴŘ ǎǉǳŀǊŜƭȅ ƛƴ ŦǊƻƴǘ ƻŦ ŀ ōǳƛƭŘƛƴƎ ȅƻǳ ŘƻƴΩǘ 

actually see anything other than the front of the building.  What we refer to as the facade  is a 

two-dimensional view which is even more pronounced if you close one eye. 

LŦ ǿŜ ŘƻƴΩǘ ƳƻǾŜΣ ŀƴŘ ǘƘŜǊŜŦƻǊŜΣ ŎƻƴǘƛƴǳŜ ƭƻƻƪƛƴƎ ƻƴƭȅ ŀǘ ǘƘŜ ŦǊƻƴǘ ƻŦ ǘƘŜ ōǳƛƭŘƛƴƎ ǘƘǊƻǳƎƘ ƻƴŜ 

eye, we can draw a two-ŘƛƳŜƴǎƛƻƴŀƭ ŎƻƻǊŘƛƴŀǘŜ ǎȅǎǘŜƳ ƛƴ ƻǳǊ ƳƛƴŘΩǎ ŜȅŜ ǳǇƻƴ ǿƘƛŎƘ ǘƘŜ ŦǊƻƴǘ 

of the building could be sketched.  Designers and architects do this all the time. They are 

sketching what one would actually see. 

Mathematically, the exact point at which the eye would look, without moving, would be the 

origin.  And, we could draw a horizontal x-axis and a vertical y-axis from that origin point. 

Now, if you happened to have had your eyes closed while someone else guided you to this 

exact position, standing squarely in fǊƻƴǘ ƻŦ ǘƘŜ ōǳƛƭŘƛƴƎΣ ǘƘŜƴ Ƙƻǿ ǿƻǳƭŘ ȅƻǳ άƪƴƻǿέ ǘƘŀǘ ȅƻǳ 

were looking at a whole building, rather than just the backdrop of a theater set or just the 

facade of a Hollywood set? 

The answer, depending on how well the film or theater set was constructed, is that you would 

NOT know.  ¢ƘŜ άǊŜǎǘέ ƻŦ ǘƘŜ ōǳƛƭŘƛƴƎΣ ƻǊ ǿƘŀǘŜǾŜǊ ƛǎ ōŜƘƛƴŘ ǘƘŜ ǎŜǘΣ ǿƻǳƭŘ ƘŀǾŜ ǘƻ ōŜ 

imagined. 

In another example, a friend once told me of an acquaintance of his who only had one eye and 

who liked to play tennis.  As the story goes the one-eyed tennis player had to train himself to 

observe the growing size of the tennis ball as it moved toward him to know the proper distance 

at which he should hit the ball for the return. 

An even more striking example of this can be found in flight training for pilots.  If a pilot is flying 

under VFR (visual flight rules as opposed to IFR, instrument flight rules), as another aircraft is 

observed, it is critical to determine whether or not there is a relative motion between the two 

aircraft.  Here is one quote of the principle that can be found in many places: 

if another aircraft appears to have no relative motion, but is increasing in size, it is likely to be 

on a collision course with you [*]  

 Quite likely some interesting thought experiments may be conducted as to under what 

conditions it is possible to know whether or not a tennis ball is of constant size and approaching 

or at a constant distance and growing in size! 

²Ŝ Ŏŀƴ ŀƭǎƻ ŀǎƪ ƻǳǊǎŜƭǾŜǎΤ ά²Ƙŀǘ ƛǎ ǘƘŜ nature of the distance that appears to be unobservable 

ǘƻ ǘƘŜ Ǉƛƭƻǘ ōŜǘǿŜŜƴ ǘƘŜ ǘǿƻ ŀƛǊŎǊŀŦǘ ǘƘŀǘ ŀǊŜ ƻƴ ŀ Ŏƻƭƭƛǎƛƻƴ ŎƻǳǊǎŜΚέ  Extending this inquiry just 

https://www.faasafety.gov/files/notices/2013/Jun/FAA_collision_avoidance_info.pdf
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ŀ ōƛǘ ŦǳǊǘƘŜǊΤ άIƻǿ ŘƻŜǎ ǘƘŜ ƛƴǘǊƻŘǳŎǘƛƻƴ ƻŦ ǊŀŘŀǊ ƻǊ ŀ laser beam, which can and does 

determine the distance precisely, differ in terms of measurement from the type of 

measurement possible in the horizontal and vertical directions which, traditionally, uses 

"measuring sticks"?   At the very least, a radar or laser beam requires time and a measuring 

stick does not. 

¢ǊŀƴǎŦŜǊǊƛƴƎ ǘƘƛǎ ƎŜƴŜǊŀƭ ƛƴǉǳƛǊȅ ŘƛǊŜŎǘƭȅ ǘƻ ƳŀǘƘŜƳŀǘƛŎǎ ǿŜ ƳƛƎƘǘ ŀǎƪΤ ά5ƻŜǎ ǘƘŜ ǊŜŀƭ x, y plane 

assume a one-eyed view? Can the common human experience of binocular vision, or in certain 

cases the absence of it, be suggestive of imaginary distance? 

LŦ ƛǘΩǎ ǘǊǳŜ ǘƘŀǘ ǿŜ Ƴǳǎǘ ƛƳŀƎƛƴŜ ǿƘŀǘ ƎƻŜǎ ƻƴ ōŜƘƛƴŘ ŀ ōǳƛƭŘƛƴƎΩǎ ŦŀŎŀŘŜ ƛƴ ǘƘŜ z or depth 

direction of perspective or imagine the distance to an object, moving or not, that is directly in 

front of us then possibly imaginary numbers can be combined with the real plane to form a new 

three-dimensional coordinate system more closely representative of what we actually observe. 

In other words; To the degree that mathematics assists us in understanding what we perceive 

as we look out at life, we must acknowledge the fact that what we perceive includes both seen 

and imagined components. Consequently both real and imaginary values must be included in 

the mathematical representation of it. 

As a final example, special relativity theory with its concept of length contraction in the 

direction of travel or parallel to it [*]   also is suggestive of a different quality to the third or 

depth dimension. 

Although quite interesting in and of itself, how much of the foregoing discussion is factual or 

truthful is not what we wish to determine here.   The introduction of 3Di coordinates only takes 

the very small step of declaring that the third or depth dimension is sufficiently different from 

the horizontal and vertical directions to warrant a slightly different mathematical treatment. 

 And that slightly different treatment is only to define the third dimension as being imaginary 

analogous to the y-axis being defined imaginary in the complex plane. 

As it turns out this small step of defining the third dimension as imaginary brings wonderful 

new results. 

 

  

http://en.wikipedia.org/wiki/Length_contraction
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1.1 General Characteristics 

 

The Three Dimensional Coordinate System for Complex Numbers iǎ ŎŀƭƭŜŘ Ψо5ƛΩ ǿƘƛŎƘ ƛǎ an 

ŀŎǊƻƴȅƳ ŦƻǊ Ψ¢ƘƛǊŘ 5ƛƳŜƴǎƛƻƴ LƳŀƎƛƴŀǊȅΩ and is based on the following definitions and 

characteristics: 

 

1) In three dimensions, imaginary numbers ŀǊŜ ƳŜŀǎǳǊŜƳŜƴǘǎ ƛƴ ǘƘŜ ΨŘŜǇǘƘΩ ŘƛǊŜŎǘƛƻƴΦ  

Real numbers are measurements in the horizontal and vertical directions. 

Mathematically, depth is imaginary. 

2) In three dimensions think of an Ὥ rotation as going from the horizontal or vertical to 

the front, rather than from the horizontal to the vertical. 

3) A ΨŘƛƳŜƴǎƛƻƴŀƭ ŀǇǇǊƻŀŎƘΩ is taken to functions.  Meaning, functions are categorized 

ōȅ ǘƘŜ ƴǳƳōŜǊ ƻŦ ŘƛƳŜƴǎƛƻƴǎ ǘƘŜ ǇŀǊǘƛŎǳƭŀǊ ŦǳƴŎǘƛƻƴ ƘŀǎΦ  .ȅ ΨŘƛƳŜƴǎƛƻƴΩ ǿƘŀǘ ƛǎ 

meant is essentially a variable.   

4) One of the primary points of view is that imaginary dimensions are as equally 

important, and as equally present, as real dimensions. 

5) The primary purpose of the e-book is to present a wonderful array of the many new 

ŦǳƴŎǘƛƻƴǎ ƳŀŘŜ ǇƻǎǎƛōƭŜ ōȅ Ψо5ƛΩ and to graph these functions. 

 

To make it a little clearer, with this model we could say that the usual real plane might be 

ŘŜǎƛƎƴŀǘŜŘ ŀǎ Ψн5,Ω tƘŜ ŎƻƳǇƭŜȄ ǇƭŀƴŜ ŀǎ Ψн5ƛΣΩ the usual real space as 3D,and this system as 

3Di.      
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1.2 Associated Dimensions and Functions 

 

Functions may be categorized by the number of dimensions i.e. variables.  For this 

categorization, the presence and number of iΩǎ ƛƴ ǘƘŜ ŘŜǎƛƎƴŀǘƛƻƴ ŘŜƴƻǘŜǎ ǘƘŜ ƴǳƳōŜǊ ƻŦ 

imaginary dimensions or imaginary variables.  Continuing from 2D, 2Di, 3D, 3Di we may have for 

example, 4Di, 4Dii, 5Dii, 6Diii and so on. 

 

The functions that are graphed, therefore, associate the number of variables - including both 

input and output - to the number of dimensions and give rise to the following useful 

categorization of types of functions: 

 

3Di ώ ὭᾀὪὼ    helixes, polynomials, conics, elliptic and    

      hyperelliptic curves 

  

4Di ώ ὭᾀὪὼȟὸ   function morphing 

 

4Dii ώ ὭᾀὪὼȟὭὸ   helix morphing 

 

 4Dii ώ ὭᾀὪὼ Ὥ—   complex natural logs  

 

 4Dii ώ ὭὼὪ— Ὥᾀ   complex imaginary logs  

 

 4Dii ώ ὭᾀὪό Ὥὺ   closed and open surfaces   

 

 5Dii 

ὼ Ὢό Ὥὺ

ώ Ὣό Ὥὺ

ὭᾀὬό Ὥὺ

   circular surfaces 

 

 6Dii 

ὼ Ὢό Ὥὺȟὸ

ώ Ὣό Ὥὺȟὸ

ὭᾀὬό Ὥὺȟὸ

   closed surface objects in motion 

 

With five and six variables, ὼ  becomes exclusively an output variable, whereas, in lower 

dimensions it is usually both an input and an output dimension. 
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1.3 Example in 4Dii 

 

As can be seen in the Table of Contents, this eBook organizes all of the many and varied 

functions by their number of variables consistent with the table above.  Here is an example of 

4Dii which generates a new interpretation of the exponential/natural log functions: 

 

ώ ὭᾀὩ q 

ÌÎ ώ Ὥᾀ ὼ Ὥq 

 

In 4Dii these form a simple geometry of a rotation of the usual exponential graph. This way it 

can be sŜŜƴ ǘƘŀǘ ǘƘŜ ΨƛƴŦƛƴƛǘŜ ōǊŀƴŎƘŜǎΩ of the log function, which show up in two or three 

dimensions, can be interpreted geometrically as rotations of the three-dimensional exponential 

graph, with Ὥ— specifying the amount of rotation. In this way, the multi-valued nature of the 

natural log function is simply the state of rotation of the three-dimensional exponential graph. 

 

3Di coordinates allow the complex exponential function and its inverse, the complex natural 

logarithmic function, to be displayed as a  four-dimensional function with a wonderful 

geometric interpretation.   

 

 
Animation 1 ΩwƻǘŀǘƛƴƎ 9xponential GraphΩ  

http://youtu.be/cX6xsBa944I
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Any point on the graph, at any state of rotation, is uniquely specified by the four coordinates 

ὼȟώȟὭᾀȟὭ— as follows: 

 

   ὼ is the real horizontal axis coordinate. 

   ώ is the real vertical axis coordinate. 

   Ὥᾀ is the imaginary depth axis coordinate. 

   Ὥ— is the imaginary rotation of the exponential graph. 

 

This interpretation also shows why the natural log of zero, or of ώȟὭᾀ πȟπὭ, is not possible 

since any point with these coordinates is not on the graph.  Either ώ έὶ Ὥᾀ may be zero, but not 

both.   

 

!ŘŘƛǘƛƻƴŀƭƭȅΣ ŎƘŀƴƎƛƴƎ ǘƘŜ ƛƴǇǳǘ ŦǊƻƳ ΨƭƛƴŜ-ŀƴƎƭŜ ƛƴǇǳǘΩ, ὼ Ὥ—ȟ ǘƻ ΨŎƻƳǇƭŜȄ ǊŜƎƛƻƴŀƭ ƛƴǇǳǘΩ, 

ό Ὥὺȡ  

 

ώ ὭᾀὩ  

ÌÎ ώ Ὥᾀ ό Ὥὺ 

 

 

forms a surface by, graphing a complete revolution at once where any point on the surface is 

specified by the four coordinates: 
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See section 11.23  The Four Coordinate Complex Exp/Log Surface 
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As the eBook progresses, moving from one category of functions to the next, when the number 

of dimensions/variables becomes greater than four (which may be thought of as the four 

observable dimensions), we can formulate a notion of embedded dimensions that play more of 

a parametric role.   

 

For example, in 6Dii: 

 

6Dii 

ὼ Ὢό Ὥὺȟὸ

ώ Ὣό Ὥὺȟὸ

ὭᾀὬό Ὥὺȟὸ

 

 

there would be the usual three spatial dimensions,  ὼȟώȟὭᾀ plus the usual motion or animation 

dimension indicated by ΨǘΦΩ  These four would be the observable dimensions.  And then two 

more dimension indicated by, in this case, ό Ὥὺ which would be the embedded dimensions 

playing a parametric role. 

 

The point in this modeling, again, is that dimensions would be characterized by the number of 

variables, rather than by any intrinsic properties of a space or an object.  See 13.1  Observable 

and Embedded Dimensions for more discussion. 
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2.0  3Di Means: ά¢ƘƛǊŘ 5ƛƳŜƴǎƛƻƴ LƳŀƎƛƴŀǊȅέ 
 

2.1  Constructing the Coordinate System 

 

!ǎ ǿŜ ƭƻƻƪ ŀǘ ǘƘŜ ōǳƛƭŘƛƴƎΩǎ ŦŀœŀŘŜ ǿƛǘƘ ƻǳǊ ŜȅŜ ƻƴ ǘƘŜ ƻǊƛƎƛƴ, we can make what we see 

correspond to the real plane. Accordingly, we could then specify functions on this real plane of 

the type: 

 

ώ Ὢὼ 

 

The horizontal axis takes on the values of ὼ, and the vertical axis takes on the values of ώȢ  And, 

in accordance with engineering design (as well as everyday usage), we will Ŏŀƭƭ ǘƘƛǎ ǘƘŜ ΨŦǊƻƴǘ 

ǾƛŜǿΦΩ  Further, since it is a real  ǇƭŀƴŜ ǿŜ ǿƛƭƭ Ŏŀƭƭ ƛǘ ǘƘŜ ΨŦǊƻƴǘ ǊŜŀƭ ǇƭŀƴŜΩ ƻǊ FRP.   In this 

modeling we can designate it as 2D.  

 

BehƛƴŘ ǘƘŜ ōǳƛƭŘƛƴƎΩǎ ŦŀœŀŘŜ ƛǎΣ ƻŦ course, the third-dimension, and we give that dimension the 

variable ᾀ - as the depth axis.  We can designate this as 3D. 

 

So, we have thus far: 

 

ὼ ὸὬὩ ὬέὶὭᾀέὲὸὥὰ ὥὼὭί 

ώ ὸὬὩ ὺὩὶὸὭὧὥὰ ὥὼὭί 

ᾀ ὸὬὩ ὨὩὴὸὬ ὥὼὭί 

 

This is different than that which is used in some other applications, particularly surfaces, where 

ᾀ is often used for the vertical direction. 

 

aŀǘƘŜƳŀǘƛŎŀƭƭȅΣ ǘƘŜ ǇǊƻōƭŜƳ ƛǎ Ƙƻǿ ǘƻ ǎǇŜŎƛŦȅ ŦǳƴŎǘƛƻƴǎ ƎƻƛƴƎ ƻƴ άōŜƘƛƴŘ ǘƘŜ ŦŀœŀŘŜέ ǎƛƴŎŜ ǿŜ 

cannot see ǘƘŜƳΦ  /ƻƴǾŜƴƛŜƴǘƭȅΣ ƳŀǘƘŜƳŀǘƛŎǎ Ƙŀǎ ŀƴƻǘƘŜǊ ǘƻƻƭ ŎŀƭƭŜŘ ǘƘŜ άŎƻƳǇƭŜȄ ǇƭŀƴŜέ 

which uses imaginary numbers.   

 

This plane uses the following: 

 

ὼ ὸὬὩ ὬέὶὭᾀέὲὸὥὰ ὥὼὭί 

ὭώὸὬὩ ὺὩὶὸὭὧὥὰ ὥὼὭί 
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This plane is usually called ὅ, but we will designate it as 2Di.  Here is a clue:   

 

LŦ ƛǘΩǎ ǘǊǳŜ ǘƘŀǘ ǿŜ Ƴǳǎǘ ƛƳŀƎƛƴŜ ǿƘŀǘ ƎƻŜǎ ƻƴ ōŜƘƛƴŘ ǘƘŜ ŦŀœŀŘŜ ƛƴ ǘƘŜ ᾀ or depth direction of 

perspective, then possibly imaginary numbers can be combined with the real plane to form a 

new three-dimensional coordinate system. 

 

So then, the problem would be how to combine the real plane with the complex plane?   

 

In the complex plane the real values are in the horizontal direction.  This is the same as the real 

plane.  So far so good. And, in the complex plane, the imaginary numbers are in the vertical 

direction, whereas we want them in the depth direction. So, if we take the complex plane, as 

we look at it, and then lay it down flat in front of us - effectively rotating it, top-end forward, 

about the horizontal axis - then the imaginary numbers will be in the forward-backward, or 

depth direction , rather than the vertical. Then, by changing the axis name for the complex 

plane from Ὥώ to Ὥᾀ, for the depth direction in our new three-dimensional system, we have the 

new coordinates and we can designate this as 3Di. 

 

This would be the same as taking our initial x, y, z space and multiplying the  ᾀ ὦώ Ὥ ὸέὫὭὺὩ Ὥᾀ in 

the depth direction.  

 

This combined real and imaginary plane construction allows us to write functions of the type: 

 

ώ ὭᾀὪὼ 

 

in which: 

i. The real input ὼ will be graphed on the horizontal axis. 

ii. The real output ώ will be graphed on the vertical axis. 

iii. And, the imaginary output Ὥᾀ ǿƛƭƭ ōŜ ƎǊŀǇƘŜŘ ƻƴ ǘƘŜ άŘŜǇǘƘέ ŀȄƛǎΦ 

 

So, in step-by-step progression from 2D to 2Di to 3D to 3Di, we have made the transition from 

two dimensions to three and combined the real and complex planes - with our eye now at the 

origin of three axes instead of two. 

 

But wait a minute. 5ƻŜǎƴΩǘ ǘƘŜ Ŝǉuation we just wrote normally mean only curves on the real 

plane since:  ᾀ πȩ   

 

Well, the answer is: it depends. If Ὢὼ only generates real numbers like these functions: 

 



A New Coordinate System for Complex Numbers 28 

greg ehmka, 2013 
 

Ὢὼ ὼ   έὶ  Ὢὼ Ὡ 

 

Then yes,  ᾀ  would always equal zero , and so  Ὥᾀ  would equal zero, and - very important - our 

function would only exist on the front real plane (FRP.)  But take, for example, a function like: 

 

ώ ὭᾀὭὼ 

 

Then  ώ  would always equal zero rather than ᾀȢ  And, we can ask the question: Where would 

this straight  line lie?   

 

Since ώ (the vertical axis) is always zero, this line lies entirely on the ὼȟὭᾀ plane, which is the 

horizontal and depth plane.  This plane cannot be seen by our eye at the origin of the front view 

since it extends directly forward and backward of our eye.  We will call this plane the Ψtop view.Ω  

And since it is an imagiƴŀǊȅ ǇƭŀƴŜ ǿŜ ǿƛƭƭ Ŏŀƭƭ ƛǘ ǘƘŜ ΨtoǇ ƛƳŀƎƛƴŀǊȅ ǇƭŀƴŜΩ or the TIP.   

 

In order to see this plane we would have to look down on it.  And if we did, then the straight 

line would look like: 

 
top view  'TIP' 

 

And, in three dimensions: 
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3D straight line with vertical component zero 

 

So the function: 

 

ώ ὭᾀὪὼ 

 

can produce three-dimensional space functions that have imaginary part zero, and lie only on 

the front real plane, or functions that have real part zero, and lie only on the top imaginary 

plane.  By extension, Ὢὼ can produce complex numbers that lie neither on the front real, nor 

the top imaginary planes, but anywhere in space.  As we shall see, they may also lie  partly on 

the front or top planes as well. 

 

 

 

Now consider the three-dimensional space function formed by the Euler Formula: 

 

ώ ὭᾀὩ ÃÏÓὼ ÉÓÉÎὼ  

 

in which: 

ὼ ὸὬὩ ὬέὶὭᾀέὲὸὥὰ ὥὼὭί 

ώ ὸὬὩ ὺὩὶὸὭὧὥὰ ὥὼὭίÃÏÓὼ 

ὭᾀὸὬὩ ὨὩὴὸὬ ὥὼὭίὭÓÉÎὼ 

 

This gives the result that, in three dimensions, 9ǳƭŜǊΩǎ CƻǊƳǳƭŀ ǇŀǎǎŜǎ ǘƘŜ ǾŜǊǘƛŎŀƭ ƭƛƴŜ ǘŜǎǘ ŦƻǊ 

ŦǳƴŎǘƛƻƴǎΦ  9ǳƭŜǊΩǎ ŦƻǊƳǳƭŀ  ōŜŎƻƳŜǎ ŀ ƘŜƭƛȄ ŜȄǘŜƴŘƛƴƎ ƭŜŦǘ ŀƴŘ ǊƛƎƘǘ ŀƭƻƴƎ ǘhe horizontal axis.  

Its real value output gives the amplitude in the vertical direction ŀƴŘ ƛǘΩǎ ƛƳŀƎƛƴŀǊȅ ǾŀƭǳŜǎ ƎƛǾŜ 

the amplitude in the depth direction.  
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¢ƘŜ ά9ǳƭŜǊ IŜƭƛȄέ 

 

More on EulerΩǎ CƻǊƳǳƭŀ ŀƴŘ Helix in section 6.0  9ǳƭŜǊΩǎ Cormula Upgraded, Helix and Spiral 

Functions 

 

And as we will see throughout this book, one of the advantages of 3Di is that f(x) itself may be 

treated as a three-dimensional function and generate complex number output from real, 

imaginary or complex input, and by so doing, allow all three dimensions to be treated in one 

equation.  
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2.2  A Left Hand System 

The positive directions are right, up, and forward (the direction we are looking).  And, this 

makes a left hand coordinate system in which, from the origin: 

 

I. thumb pointing up - the vertical axis - takes on positive ǊŜŀƭ ΨȅΩ ǾŀƭǳŜǎ 

II. index finger pointing forward - the depth axis - takes on positive ƛƳŀƎƛƴŀǊȅ ΨȊΩ 

values 

III. middle finger pointing right - the horizontal axis - takes on positive ǊŜŀƭ ΨȄΩ 

value 

 

3Di is a left hand coordinate system: 
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2.3  Projection Planes 

 

With any given 3Di space function,  ώ ᾀὭὪὼ , there will be six resulting two-dimensional 

Ψprojection planesΩ which are the two sides of the three colored planes shown below. 

 

 
 

 

 

Of the six resulting two-dimensional planes, two ƻŦ ǘƘŜ ǇƭŀƴŜǎ ŀǊŜ ΨǊeal planesΩ and four of the 

ǇƭŀƴŜǎ ŀǊŜ Ψimaginary ǇƭŀƴŜǎΩΣ as follows: 

 

i. Both sides of the violet plane ς horizontal axis (real) and vertical axis (real) - 

ὼȟώ, which we will call the front and rear real planes.  

ii. Both sides of the red plane - horizontal axis (real) and depth axis (imaginary) - 

ὼȟὭᾀ, which we will call the top and bottom imaginary planes. 

iii. Both sides of the blue plane ς depth axis (imaginary) and vertical axis (real) - 

Ὥᾀȟώȟ which we will call the left and right side imaginary planes. 

 

In practice we will rarely, if ever, use the rear and bottom planes and only occasionally use the 

left side plane.  
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Front real plane ὼȟώȟ  projected from ώ ὶὩὥὰ Ὢὼ: 

 
 

 

Top imaginary plane, ὼȟὭᾀ,  projected from  ὭᾀὭάὥὫ Ὢὼ: 

 
 

 

  



A New Coordinate System for Complex Numbers 34 

greg ehmka, 2013 
 

Right side imaginary plane, Ὥᾀȟώ, projected from  
Ὥᾀ
ώ
ὭάὥὫ Ὢὼ

ὶὩὥὰ Ὢὼ
: 

 
 

Going back to the idea of standing in front of a building with one eye closed, what we actually  

άǎŜŜέ ƛǎ ǘƘŜ ΨŦǊƻƴǘ ǊŜŀƭ ǇƭŀƴŜΩ or FRP.  The top view and the right side view must be imagined, 

and therefore we calƭ ǘƘŜƳ ǘƘŜ ΨǘƻǇ ƛƳŀƎƛƴŀǊȅ ǇƭŀƴŜΩΣ or TIP ΣŀƴŘ ǘƘŜ ΨǊƛƎƘǘ ǎƛŘŜ ƛƳŀƎƛƴŀǊȅ 

ǇƭŀƴŜΩΣ or RSIP. 

 

What we are asserting is that to the degree that mathematics, and geometry in particular, 

assists us in understanding what we perceive as we look out at life, we must acknowledge the 

fact that what we perceive includes both seen and imagined components. Consequently both 

real and imaginary values must be included in the mathematical representation of it. 
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2.4  Real, Imaginary or Complex Function Input and Output 

 

The terms Ψreal functionΩ, Ψcomplex functionΩ, Ψcomplex valued functionΩ, Ψcomplex valued 

function of a complex (or real) variableΩ, and so on, have different definitions by different 

writers.   

 

One difference being that ŦƻǊ ŀ ΨŎƻƳǇƭŜȄ ŦǳƴŎǘƛƻƴΩ the range only is defined to be complex by 

some ,while the range and domain are defined to be complex by others. This is further 

complicated  when one attempts to graph the various possibilities and needs ǘƻ ŀƭƭƻǿ ŦƻǊ ΨŦƻǳǊ 

ŘƛƳŜƴǎƛƻƴǎΦΩ 

 

Using a simple logic table we have these possibilities: 

 

έόὸὴόὸὪὭὲὴόὸ 

 

Input O  

Output 

    Ȣ  

Real Only Imaginary Only Complex 

Real Only ώ Ὢὼ ώ ὪὭύ ώ Ὢὼ Ὥύ 

Imaginary Only ὭᾀὪὼ ὭᾀὪὭύ ὭᾀὪὼ Ὥύ 

Complex ώ ὭᾀὪὼ ώ ὭᾀὪὭύ ώ ὭᾀὪὼ Ὥύ 

  

 

In 3Di, whether the output is complex, imaginary, or real ƛǎƴΩǘ ǎƻ ƛƳǇƻǊtant in and of itself 

because what this means on the graph is that the output point is either in space, on one of the 

imaginary planes, or on the real plane respectively. 

 

Further, when we consider the possibilities of a complex input and complex output we do, in 

fact, have four dimensions.  Additionally, this fourth-dimension can be real or imaginary as in 

the following two examples: 

 

ώ ὭᾀὪὼȟὸ 

ώ ὭᾀὪὼ Ὥύ 

  

In the first we have three real dimensions and one imaginary dimension.  In the second we have 

two real dimensions and two imaginary dimensions.  These may be delineated as  4Di  and 4Dii  

respectively. 
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What this means is that a function with real input and real output will show up only on the 

front real plane (FRP.)  Real input and imaginary output will show up only in the imaginary top 

view on the TIP.  Real input and complex output will show up in space and so on.  If a three- or 

four- dimensional curve is projected to one of the two-dimensional planes, only two of the 

three (or four) values will be graphed, and this will depend on which plane the curve is being 

projected to.  In the case of four dimensions there is the additional choice of which input values 

to graph. 

 

With five dimensions: 

 

ώ ὭᾀὪὼ Ὥύȟὸ 

 

¢ƘŜǊŜ ŀǊŜ ǘƘŀǘ Ƴŀƴȅ ƳƻǊŜ ŎƘƻƛŎŜǎ ƻŦ ǿƘƛŎƘ άǾƛŜǿέ ǘƻ ƎǊŀǇƘΦ 
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2.5  Projecting a Space Curve 

 

To further illustrate how a three-dimensional space curve is projected to the front, top and 

right side planes: place your left thumb, index finger, and middle finger in initial position, and 

then: 

 

i. For the two dimensional projection view of the Ψfront real planeΩ (FRP), hold your fingers 

and thumb in initial position pointing the index finger forward, thumb up and middle 

finger right. Then, raise the hand to eye level until you cannot see the index finger. The 

intersection of the thumb and middle finger is the origin of the FRP. 

 

ii. For the two-dimensional projection view of ǘƘŜ ΨǘƻǇ ƛƳŀƎƛƴŀǊȅ ǇƭŀƴŜΩ (TIP), which  has 

real values for the horizontal axis and imaginary values for the vertical axis, hold your 

fingers in initial position and rotate towards you (around the middle finger axis) such 

that you point the index finger up and the thumb towards you. The intersection of the 

index and middle fingers is the origin of the TIP. 

 

iii. For the two-dimensional projection ǾƛŜǿ ƻŦ ǘƘŜ ΨǊƛƎƘǘ ǎƛŘŜ ƛƳŀƎƛƴŀǊȅ ǇƭŀƴŜΩ (RSIP) , hold 

your fingers and thumb in initial position and rotate clockwise (CW) around the thumb 

such that you point the middle finger at yourself.  The intersection of the thumb and 

index finger is the origin of the RSIP.   
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Now to bring this all together: If we take an arbitrary space curve, which, as we will see later, 

has the 3Di equation   ώ ὭᾀὩ ὼ : 

 

Here is the 3Di graph: 
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Animation 2 Ω{pace CurvŜΩ 

 

Projecting to the FRP, ώ ὶὩὥὰ Ὡ ὼ) : 

 
 

Projecting to the TIP, ὭᾀὭάὥὫ Ὡ ὼ : 

http://youtu.be/bSU5kQBPOc0
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And projecting to the RSIP, 
Ὥᾀ
ώ

ὭάὥὫ Ὡ ὼ

ὶὩὥὰ Ὡ ὼ
: 

 
 

And then, combining all three projection views, FRP in violet, TIP in red, RSIP in blue: 
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See section 6Φл  9ǳƭŜǊΩǎ Cormula Upgraded, Helix and Spiral Functions for more on the  Euler 

Helix and other helixes and spirals.  
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2.6  Conics in 3Di 

In ǘƘŜ ŎƻƻǊŘƛƴŀǘŜ ǎȅǎǘŜƳ Ψ3DiΩΣ the normal conic hyperbola and normal conic ellipse are two 2D 

views (orthogonal to one another) of the same 3D object!  

 

To illustrate the basic idea here is the usual equation of a hyperbola: 

 

ὼ

ὥ

ώ

ὦ 
ὅ 

And, with a = b = 1 and C = 1, 

 

ώ  ὼ  ρ 

 

And, the normal graph in 2D: 
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If we take another look at the graph, and this time ALSO incude the interval ρ ὼ ρȡ 

 
 

The graph line joining the vertices actually graphs the real value of y, which is zero at each 

point, if the domain of x is allowed to take on values between 1 and -1.  

 

With  C ρ, in a normal 2D graph, there is a gap between the two vertices in the x, y plane 

(FRP, x is horizontal, y is vertical). This is because the values for x between the two vertices, if 

inserted into the equation, produce complex numbers and are therefore not usually shown.  

Now that we have an interpretation for these numbers, and allow them as part of the domain, 

what shows up in three dimensions is a circle in the ὼȟὭᾀ plane (TIP, ὼ as horizontal, and Ὥᾀ as 

vertical) in between the vertices! 

 

The associated ellipse/circle in TIP: 
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And then, seeing  the three dimensional view: 

 
 

 

 

ά/ƻƴƛŎέ IȅǇŜǊōƻƭŀ ²ƛǘƘ hǊǘƘƻƎƻƴŀƭ /ƛǊŎƭŜ   
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Animation 3 Ωо5ƛ /oniŎΩ   

 

The TIP circle is orthogonal to the FRP hyperbola, and is not visible in the Front Real Plane (FRP) 

view, because the normal 2D plane graphs are projections. The circle only becomes visible in a 

3D view, or when viewing the Top Imaginary Plane (TIP) directly, that is, in top view. 

 

See: Section 4.1  Quadratic Input and Output for further discussion of the vertices and 

ΨōƛŦǳǊŎŀǘƛƻƴΦΩ 

 

Additionally, notice that when square roots are taken, two three-dimensional functions are 

generated: one for each root.  See next section. 

 

 

2.61  Conic Nonlinearity 

¢ƘŜ ǘŜǊƳ ΨƴƻƴƭƛƴŜŀǊƛǘȅΩ ƘŜǊŜ means that there is an exponent other than one on the dependant 

variable.  In the above hyperbola-ellipse example, when we take the two square roots, if 

complex numbers are generated, there are actually four values output for each single input.  

These are the real and imaginary parts of each root.   

 

So, the hyperbola-ellipse equation: 

https://www.youtube.com/watch?v=ttub_YZDX1Q
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ὼ

ὥ

ώ

ὦ 
ὅ 

 

with a = b = 1 and C = 1, and rearranged, is: 

 

ώ ὼ ὅ 

 

and, in 3Di becomes: 

ώ Ὥᾀ ὼ ὅ 

ώ Ὥᾀ ὼ  ρ 

 

In this form there are two output values ς one real and one imaginary ς for each root (function) 

produced for each input value.   

 

Both of these roots are then graphed in accordance with the 3Di axes:  The input ὼ being on the 

horizontal axis. (Left middle finger, pointed right.) The real output ώ being on the vertical axis. 

(Left thumb, pointed up.) And, the imaginary output Ὥᾀ ƻƴ ǘƘŜ ΨŘŜǇǘƘΩ axis. (Left index finger, 

pointed forward.)  

 

This then, gives the two separate functions generating two three-dimensional space curves: 

 

ώ Ὥᾀ Ѝὼ  ρ    in red: 

 

ώ Ὥᾀ Ѝὼ  ρ   in blue: 
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As we go on, we shall see that whenever roots are taken, multiple 3Di functions are generated.  

This provides a tool for the analysis of non-linearity; meaning exponents on the dependant 

variable of any given function.   

 

The two functions given by: 

 

ώ Ὥᾀ ὼ  ρ 

 

by adding ǘƘŜ ƴƻǘŀǘƛƻƴ ƻŦ ΨDemoivre NumbersΩΣ 

 

ὥ ὦὭὩ  

 

where Ὧ is the Ὧ  root of the ὲ roots of unity, these two functions can be written, 

 

 

ώ Ὥᾀ   Ὡ ὼ ὅ   

 

in which Ὡ   means both second roots of ρȢ And individually: 

 

Ὡ ρȟ   ὸὬὩ ὪὭὶίὸ ὶέέὸ 

Ὡ ρȟ   ὸὬὩ ίὩὧέὲὨ ὶέέὸ 

 

So, with a third degree exponent on y: 

 

ώ ὼ ὅ 

 

becomes: 

ώ Ὥᾀ ὼ ὅ 

 

And, Ὡ   means all three cube roots of ρȢ 

 

ώ ᾀὭὩ ὼ ὅ   ύὭὸὬ ὲ σ ὥὲὨ Ὧ ρȟςȟσ 

 

And, individually: 
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Ὡ
ρ ὭЍσ

ς
ȟ   ὸὬὩ ὪὭὶίὸ ὧόὦὩ ὶέέὸ έὪ ρ 

Ὡ
ρ ὭЍσ

ς
ȟ   ὸὬὩ ίὩὧέὲὨ ὧόὦὩ ὶέέὸ έὪ ρ 

Ὡ ρȟ   ὸὬὩ ὸὬὭὶὨ ὧόὦὩ ὶέέὸ έὪ ρ 

 

with:  ὅ τ ὥὲὨ ὭὲὸὩὶὺὥὰ φ ὼ φ (first root in blue, second in red and third in black), 

note that the segments of the three functions that are on the FRP are the upper half hyperbola 

part of the black graph, and the lower ellipse part of the blue graph. 

 
Animation 4 ΩConic NonlinearityΩ 

  

http://youtu.be/uqge8Hwdmmk
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The third cube root graph (black): 

 
 

The first cube root graph (blue): 
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The second cube root graph (red):  

 
 

For any degree ὲ on the dependant variable: 

 

ώ ὼ ὅ 

 

the individual roots functions are: 

 

ώ ὭᾀὩ ὼ ὅ  

 

in which Ὡ   are all of the ὲὸὬ roots of ρ for any degree ὲȢ  In section   
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4.59  Lame Curve Bifurcation, we will see that the exponent on ὼ may be any degree also. 

 

See also: section 7.1   Helix and Spiral Nonlinearity, section 4.11  Quadratic Nonlinearity, and 

section 4.65  Polynomial Nonlinearity.  
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2.7  Helixes in 3Di 

The simplest helix graph is generated by 9ǳƭŜǊΩǎ equation in 3Di coordinates: 

 

ώ ὭᾀὩ  

Interval  τ“ ὼ τ“: 

 
 

A simple coefficient Ὢ in the exponent determines the frequency: 

 

ώ ὭᾀὩ  

 

with Ὢ ρςȡ 

 
 

As we go through the sections of the book, it becomes ŎƭŜŀǊ ǿƘȅ 9ǳƭŜǊΩǎ Cormula is regarded as 

the most remarkable equation in mathematics.  It is innate almost everywhere.   

  

See section 6Φл  9ǳƭŜǊΩǎ Cormula Upgraded, Helix and Spiral Functions for more discussion. 
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A New Coordinate System for Complex Numbers 55 

greg ehmka, 2013 
 

2.71  Beat Helix  

By adding a second term with a frequency close to ǘƘŜ ŦƛǊǎǘ ƻƴŜΣ ŀ Ψ.Ŝŀǘ IŜƭƛȄΩ ǊŜǎǳƭǘǎΥ 

 

ώ ὭᾀὩ Ὡ  

 

with Ὢ ςπȟὫ ρψḊ  

 

FRP 

 
 

TIP 
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RSIP, ὭὲὸὩὶὺὥὰφ ὼ φ: 

 
 

Three plane projection with Ὢ ςπȟὫ ρψȟὭὲὸὩὶὺὥὰφ ὼ φḊ 
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3Di object with Ὢ ςπȟὫ ρψȟὭὲὸὩὶὺὥὰφ ὼ φḊ 

 
 

 
Animation 5 Ω.Ŝŀǘ IeliȄΩ 

 

http://youtu.be/9P6t_3_7a6A
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As we shall see in section 3.0   Historical Curves in 3Di, simple sums of helixes with different 

frequencies and amplitudes will produce, in side view, literally dozens of the classical curves of 

history.  Here is an example that resembles  one in the Epicycloid/Hypocycloid family: 

 

 

RSIP with Ὢ ρςȢυȟ   Ὣ τȢυȟ     ὭὲὸὩὶὺὥὰφ ὼ φ: 

 
 

 

 

2.72  Combining  Bases 

Virtually any algebraically valid statement can be effectively graphed with no special 

significance given to multiple bases, be they the same or different.   

 

As a simple example, consider the equation: 

 

ώ Ὥᾀ ÃÏÓØᶻὭ  

 

which is equivalent to: 

ώ Ὥᾀ ὶὩὥὰ Ὡ ᶻὭ  
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More on the Ὥ-base helix in section 6.51  The Ὥ-ÂÁÓÅ %ØÐÏÎÅÎÔÉÁÌ. In a simple way the two bases 

interact such that the two separate periodicities produce one helix: 

 

with interval τ“ ὼ τ“ , here is the FRP (the real part ώ in violet) and the TIP (the 

imaginary part Ὥᾀ in red) superimposed: 

 
 

And then, superimposing the RSIP Ὥᾀȟώ with ὼ ungraphed in blue and zooming in: 
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In 3Di with -12 < x < 12: 

 
 

 

 
Animation 6 Ω¢ǿƻ .ŀǎŜ Ielix 

 

 

http://youtu.be/j72DaftBdbs
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2.8  Exponentials in 3Di 

2.81  Exponential Graph Rotation 

As seen in section 1.3 in four dimensions beginning here with two dimensions, the usual 

exponential function that shows up in two dimensions has equation: 

 

ώ Ὡ 

 

 
 

In 3Di this equation would be: 

 

ώ ὭᾀὩ 

 

with ᾀ π for all values of ὼȢ  If we were to add an arbitrary imaginary constant, say ρȢυὭȟ to the 

exponent: 

 

ώ ὭᾀὩ Ȣ  

 

the two dimensional graph, i.e. the FRP projection in red, would then be: 
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The two dimensional RSIP (right side imaginary plane) projection for this red graph is: 

 

 
 

And in three dimensions: 

Normal exponential graph in black. 

Normal exponential graph with imaginary constant, ρȢυὭ ὥὨὨὩὨ ὸέ ὩὼὴέὲὩὲὸȟ in red. 
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The effect of adding the imaginary constant to the exponent is to rotate the graph in the 

positive imaginary, or depth dimension.   

 

In three dimensions think of an ΨƛΩ rotation as going from the horizontal or vertical to 

the front, rather than from the horizontal to the vertical. 

This forms the basis of a new geometric interpretation of complex logarithms. See section 6.52  

Rotating Exponentials. 

 

 

2.82  Inverse Lambert W 

Extending this notion of exponential graph rotation to, for example, the Inverse Lambert W 

function:  

 

Ὢύ ύὩ  

with: 

ύ ὼ Ὥ— 

 

if we were to add an imaginary constant, e.g.: 

 

—
“Ὥ

ς
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 the equation becomes: 

 

Ὢύ ὼ
“Ὥ

ς
Ὡ  

and in 3Di coordinates: 

ώ Ὥᾀ ὼ
“Ὥ

ς
Ὡ  

 

then the three dimensional graph, in blue, is altered to: 

 
 

This blue graph in TIP (top Imaginary plane) projection with coordinates ὼȟὭᾀ has the graph: 

 



A New Coordinate System for Complex Numbers 67 

greg ehmka, 2013 
 

 

So, this is the same graph projected to the TIP and so appears in the top view rather than on the 

real plane.  Other values for theta will rotate the graph just as with the usual exponential 

function. 

 

3.0   Historical Curves in 3Di  
 

A very large number of the historical curves, especially those that are inherently circular in 

nature, can be produced by combining two or more helixes and then projecting the result to 

the side view.   

 

3.1  The Elliptic Helix    

The elliptic helix is the result of a sum or difference of two helixes with the same frequency that 

are reciprocals of one another with different amplitudes.   

 

The difference between a helix and its reciprocal is the development: CCW (counter clockwise) 

for the helix and CW (clockwise) for its reciprocal.  

 

ώ ὭᾀὩ    in gray; 

ώ Ὥᾀ Ὡ     in aqua; 
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Animation 7 Ωweciprocal HelixeǎΩ 

 

If the helix and its reciprocal are added, depending upon signs, either the imaginary parts or the 

real parts will cancel leaving only a plane sine wave.  Consequently, to obtain the elliptic helix 

the amplitudes must be unequal. 

And so, the equation for the elliptic helix is: 

 

ώ ὭᾀὃὩ ὄὩ      ὃ ὄ 

 

And, in the planar view,  RSIP (Right Side Imaginary Plane,) a simple addition or subtraction of 

the two amplitudes gives the semi-major and semi-minor axis lengths for the projected ellipse.   

 

ὃ ὄ ίὩάὭ άὥὮέὶ ὥὼὭί 

ὃ ὄ ίὩάὭ άὭὲέὶ ὥὼὭί 

 

In 3Di, with: ὃ ρ ὥὲὨ ὄ ς, and interval  τ“ ὼ τ“: 

http://youtu.be/XLL2mzjs__w


A New Coordinate System for Complex Numbers 69 

greg ehmka, 2013 
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And in RSIP,  (hor., vert.) = Ὥᾀȟώ: 
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3.2  The ΨCusped HelixΩ 

 

Although we would not normally think of it as such, the elliptic helix ƛǎ ŀŎǘǳŀƭƭȅ ŀ Ψǘǿƻ ŎǳǎǇŜŘΩ 

helix.  As we shall see this is a consequence of the frequencies being equal.  As we begin to alter 

the frequencies of the two helixes, an amazing array of remarkable results occurs. 

 

For example, leaving amplitudes and reciprocals the same, if we now insert additional 

coefficients, a and b, such that they become: ὥ ς ὥὲὨ ὦ ρ, the two frequencies add to give 

ǘƘŜ ƴǳƳōŜǊ ƻŦ ΨŎǳǎǇǎΦΩ 

 

 

3.21  Tricuspoid 

ώ ὭᾀὃὩ ὄὩ  

 

The ǊŜǎǳƭǘ ƛǎ ŀ ΨTricuspoid HelixΩ and a corresponding Tricuspoid in RSIP: 

  
      Animation 8 Ω¢ricuspoid HelixΩ 

 

 

3.22  Astroid 

 

With ώ ὭᾀὃὩ ὄὩ         ὥ σȟὦ ρȟ       ὥ ὦ τ, and in this case, changing 

amplitudes to  ὄ σ: 

http://youtu.be/VnoDQt1huik
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       Animation 9 Ω!stroid IŜƭƛȄΩ 

 

3.23  5-cuspoid,  Etc.  

 

With  ώ ὭᾀὃὩ ὄὩ  ,    ὥ τȟὦ ρȟ     ὥ ὦ υ 

 

and, in this case, changing amplitudes to:  ὄ υΣ ŀ ΨǇŜƴǘŀƎƻƴΩ ǊŜǎǳƭǘǎ ǿƘƛŎƘ Ƴŀȅ ƘŀǾŜ ƳƻǊŜ or 

less straight sides depending on amplitudes. 

 

Showing the RSIP on the left and, this time, the three planar projections separately on the right: 

 
 

There is a subtle difference if the frequencies are changed to ὥ σȟὦ ς  even though the 

sum is, as above, still ὥ ὦ υȢ  The differenŎŜ ƛǎ ǘƘŜǊŜ ŀǊŜ ƴƻǿ ŦƛǾŜ ΨƭƻƻǇǎΩ rather than cusps.   

 

http://youtu.be/3EELmMjAywI
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A New Coordinate System for Complex Numbers 74 

greg ehmka, 2013 
 

Continuing with ὄ υȟὪull helix on the right: 

  
 

And, adjusting amplitude to  ὄ ρȢυ: 

 
 

Needless to say the possibilities are virtually limitless.  

 

This principle can be applied in many situations.  See section 3.46  Square Cornu Spiral/Fresnel 

Integrals, and section 14.3  Geometric Torus Surfaces, and section 6.54  The Elliptic Spiral. 
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3.24  Trifolium 

 

¢ƘŜ ΨŎǳǎǇǎΩ Ƴŀȅ ōŜŎƻƳŜ ΨƭƻƻǇǎΩ with adjustment of ampliǘǳŘŜǎΦ  {ƻ ǊŜǘǳǊƴƛƴƎ ǘƻ ΨTricuspoid 

ŦǊŜǉǳŜƴŎȅΩ settings: 

 

with:  ώ ὭᾀὃὩ ὄὩ         ὥ ςȟὦ ρȟ       ὥ ὦ σ 

 

and, in this case, changing amplitudes to:  ὄ ρȟὃ ρ 

 

the result is the Trifolium: 

 
 

 

 

3.25  Rose Curves, Quadrifolium,  Etc. 

 

The following coefficients produce the Quadrifolium in RSIP.  The Quadrifolium is often shown 

with a  “τ  rotation relative to these figures.   

 

For a  simple rotation of any RSIP view, the coefficient   Ὥ  Ŏŀƴ ōŜ ǳǎŜŘ ŀǎ ŀ ΨǊƻǘŀǘƻǊΩΥ 

 

ώ ὭᾀὭὃὩ ὄὩ  
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With Ὧ πȡ 

 
 

With  ὥ σȟὦ ρȟὃ ὄ ρȟὯ Ȣυ: 

 
 

Adjusting amplitude, 

ὄ ς :                                                                      ὄ ς: 
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ὄ φ:                                                                       ὄ φ: 

 
 

Rose /ǳǊǾŜǎ ƻŦ ŀƴȅ ƴǳƳōŜǊ ƻŦ ΨǇŜǘŀƭǎΩ Ƴŀȅ ōŜ ǇǊƻŘǳŎŜŘ ōȅ ŀŘƧǳǎǘƛƴƎ ǘƘŜ ŎƻŜŦŦƛŎƛŜƴǘǎ a and b.  

There are harmonics involved.  For example, ὥ φȟὦ ς, although adding to eight produces 

four petals/loops/cusps instead. 

 

Larger frequencies produce larger numbers of loops, cusps, etc.  

 

With ὥ ςσȟὦ ςȟ    ὥ ὦ ςυ   ὥὲὨ   ὄ ρ: 
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And, adjusting amplitude with ὄ ςȡ 

 
 

 

3.26  Epicycloid, Hypotrochoid,  Epitrochoid, Hypocycloid 

 

The differences between these four types of curves become somewhat indistinct as the 

frequencies and amplitudes take on different values. The values for ὥȟὦȢὃȟὄ  can be positive or 

negative integers and any intermediate value.  All coefficients are valid producing a true infinity 

of results.  The harmonics of  a and b also apply producing additional results.   

 

E.g.,  ὥ ȟὦ ȟὃ ὄ ς: 
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With different frequency signs,   ὥ σȟὦ ςȟὄ ρȢυȟ   the interval continues to be  

τ“ ὼ τ“ : 

 
 

With  ὥ ψȟὦ ςȢυȟὄ ς: 

 
 

With ὥ ψȟὦ σȟὄ ρȢρυ: 
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3.3  Cycloid  

 

The usual parametric equation of a linear cycloid: 

 

ὼ  ὥὸ  Ὤ ÓÉÎὸȟ   ώ  ὥ  Ὤ ÃÏÓὸ  

 

In 3Di helix equations, sine curves and cosine curves are just the imaginary and real parts of the 

helix. So, if we begin with a sum of a helix and its reciprocal, and keep the amplitudes the same,  

then the imaginary parts will cancel, leaving us the real part: 

 

ώ Ὡ Ὡ  

 

This gives us what in the parametric set of equations would be the cosine portion, which, being 

real, shows up in the FRP (violet.) 

 

Interval  φ“ ὼ φ“: 

 
 

Similarly the difference of a helix and its reciprocal will cancel the real parts leaving us the 

imaginary part which is orthogonal to the real part. 

 

ὭᾀὩ Ὡ  
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This gives us what, in the parametric set of equations would be the sine portion, which being 

imaginary, shows up in the TIP (red): 

 
 

If we then combine these into a single equation: 

 

ώ Ὥᾀ Ὡ Ὡ Ὡ Ὡ  

 

and then, operate on the two separate parts in accordance with the parameters of a linear 

cycloid: 

 

ώ Ὥᾀ ὥὼὬὩ Ὡ ὥ ὬὩ Ὡ  

 

  



A New Coordinate System for Complex Numbers 83 

greg ehmka, 2013 
 

the resulting helix,   ὥ Ὤ ρ: 
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If we then deconstruct the helix into its three planar projections, ὥ Ὤ ρ (FRP in violet, TIP in 

red, and RSIP in blue): 

 
 

  



A New Coordinate System for Complex Numbers 85 

greg ehmka, 2013 
 

and then, isolate the RSIP view in two dimensions, with: ὥ Ὤ ρ: 

 
 

Changes to ΨŀΩ ǿƛƭƭ change the slope of the helix. With a = 1, the value of ΨƘΩ produces the three 

different types of cycloid. The cycloid, curtate cycloid, and prolate cycloid.    
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With  Ὤ Ȣυ the prolate cycloid pictured above) and with  Ὤ Ȣυ   ὬὩὶὩȡ  Ὤ Ȣσ, the curtate 

cycloid : 
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With Ὤ Ȣυ   we have the usual cycloid:  

 
 

Notice that the cycloid is in the RSIP rolling along the vertical line;  ὭᾀὭ. 
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If we desired to clean it up for normal presentation - meaning have the linear cycloid rolling 

along the x-axis in the usual real plane - we would: 

 

switch coordinates with: 

 ςὈ ὼ σὈὭ ώ 

 ςὈ ώ σὈὭ Ὥᾀ 

 
 

aŘƧǳǎǘΤ ΨŀΩ ǘƻ -1: 
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translate in both directions: 

ὼ ώ ρ
“

ς
 

 ώ Ὥᾀρ 
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3.31  Imaginary Slope 

 

All of the detail we just applied to arrange the helix to match the historical Cycloid is to provide 

a larger context for the actual 3Di equation of the Cycloid.   In 3Di coordinates the Cycloid is 

also a RSIP projection like many of the other historical curves but the 3Di equation includes the 

concept of imaginary slope. 

 

As we saw previously, here is the graph of a line with equation: 

 

ώ ὭᾀὭὼ 

 
 

This line lies entirely on the TIP and is not visible in the FRP except as a line that coincides 

completely with the ὼ-axis.  The rotation that would bring this line to its present position can be 

ǘƘƻǳƎƘǘ ƻŦ ŜƛǘƘŜǊ ŀǎ ŀƴ ŀƛǊŎǊŀŦǘ ŎƘŀƴƎƛƴƎ ƛǘǎ ƘŜŀŘƛƴƎ ƻǊ ŀǎ ŀ ΨȅŀǿΩ ƻŦ ŀ ǎǇŀŎŜŎǊŀŦǘΦ  ¢Ƙƛǎ ŎƘŀƴƎŜ 

of aircraft heading or spacecraft yaw is ΨƛƳŀƎƛƴŀǊȅ ǎƭƻǇŜΦΩ  Lƴ ǎŜŎǘƛƻƴ 5.0  Complex Slope, the 

geometry and algebra of complex slope is presented in detail. 

 

If we then take this imaginary sloped line and add it to a helix: 

 

ώ ὭᾀὩ Ὥὼ 

 

The following graph results.  The above line is included for reference: 
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The RSIP projection of this helix is then: 

 
 

 

 

 

The RSIP projection will match the historical curve with an upward translation and an Ὥ“ phase 

shift: 

 

ώ ὭᾀὩ Ὥὼρ 
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If we add a variable imaginary slope ά which will determine different values for the imaginary 

rotation of the helix: 

 

ώ ὭᾀὩ Ὥάὼρ 

 

These different imaginary slopes will project to the RSIP the different forms of the Cycloid.  E.g. 

the prolate cycloid, in red with ά Ȣυȟ the curtate cycloid, in black with ά ρȢυ etc: 
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3.4  Historical Spirals in 3Di 

 

3.41  Archimedes Spiral 

ὶ — 

 

And, in 3Di, the Archimedes spiral is just the RSIP of: 

 

ώ ὭᾀὼὩ  

 

but, with a reversal of the horizontal and the vertical axes. The historical curve is on the left and 

the RSIP curve is on the right.   

 

Interval π ὼ ρς“: 

 

Historical      RSIP 

 
 

Superimposing the two graphs shows that they are symmetrical about the line ώ ὼ; 
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The RSIP (right side imaginary plane) has the imaginary values from any function on the 

horizontal and the real values from any function on the vertical. So, the historical curve is the 

equivalent of reversing this; that is, graphing the real values on the horizontal and the 

imaginary values on the vertical. 

 

If the interval is extended in the negative direction as well, with interval ρς“ ὼ ρς“: 

 

Historical       RSIP 

  
 

Once again, the heart shaped loops, cardioids, and variations thereof are occurring over and 

over. 
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Here is the FRP on the left and the spiraling helix on the right: 

 
 

 

3.42  CŜǊƳŀǘΩǎ {ǇƛǊŀƭ 

ὶ ὥ—       ὥ ρ 

 

CŜǊƳŀǘΩǎ ǎǇƛǊŀƭ is the RSIP of; 

 

ώ Ὥᾀ ὼὩ  

 

With the same discussion as to isolating the RSIP and then reversing the graphing axes, 

meaning a change of coordinate systems from 2D to 3Di with: 

 

ςὈ ὼ σὈὭ y 

ςὈ ώ σὈὭ Ὥᾀ 

 

Interval  π ὼ ρς“: 

 

Historical     RSIP 
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As previously shown, due to the graphing of the two square roots, this is actually two helix 

functions.  Extending the interval to include negative x, the two helixes (positive root in aqua 

and negative root in yellow), plus the side view projection of all four pieces, (positive and 

ƴŜƎŀǘƛǾŜ Ǌƻƻǘǎ ŦƻǊ Ǉƭǳǎ ŀƴŘ Ƴƛƴǳǎ ΨȄΩ): 

 

Interval  ρς“ ὼ ρς“: 

 
Animation 10 ΩCermat's Spiral HelixΩ  

http://youtu.be/QdaQzVjy4jc
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3.43  Hyperbolic Spiral 

 

2D Polar equation: 

ὶ ὥ—      ὥ ρ 

 

3Di Helix equation: 

ώ Ὥᾀὼ Ὡ  

 

With the same discussion as to isolating the RSIP, and then reversing the graphing axes with: 

 

ςὈ ὼ σὈὭ y 

ςὈ ώ σὈὭ Ὥᾀ 

 

interval  π ὼ ρς“: 

 

 Historical        RSIP  

 
 

Here is the helix with an increase in frequency ΨŦΩ ŀƴŘ ŀƴ ƛƴŎǊŜŀǎŜ ƛƴ ŀƳǇƭƛǘǳŘŜ Ψ!Ω ǘƻ ǎƘƻǿ ǘƘŜ 

graph more clearly: 

 

ώ Ὥᾀὃὼ Ὡ      ὃ σȟ   Ὢ σ 
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Interval  π ὼ φ“: 

 
 

The top view (TIP) of the hyperbolic spiral has an interesting graph.  If we extend the interval to 

include negative ΨȄΩ  the graph is discontinuous at zero, periodic in both directions, and shows a 

decreasing amplitude.  It also shows a constant frequency with period equal to   . 

ώ Ὥᾀὃὼ Ὡ      ὃ ςȟ   Ὢ ς 

 

TIP with interval φp ὼ φ“: 
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3.44  Lituus   

 

2D Polar equation: 

ὶ —  

 

3Di helix equation: 

     ώ Ὥᾀ ὼ Ὡ  

 

 

With the two coordinate systems related as before: 

 

ςὈ ὼ σὈὭ y 

ςὈ ώ σὈὭ Ὥᾀ 

 

Graphing both roots with interval:  π ὼ ω“ 

 

2D Polar      3Di RSIP 
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The two Lituus roots in helix form: 

 
 

 

 

3.45  Helix  Derivatives, Lituus 

 

An example of helix derivatives in 3Di using the Lituus and only the positive root: 

 

 

ώ Ὥᾀ
Ὠ

Ὠὼ
ὼ Ὡ  
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The helixes rotate with each derivative.  With frequency, Ὢ ρ , the amplitudes are the same 

except for the asymptotic part of the graph.  With frequencies other than ρ the amplitudes 

expand exponentially with each derivative. 

 

With Ὢ ρ:  

 
 

With Ὢ ρȢςυ, the original helix: 
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The first derivative is in violet: 

 
 

The second derivative is in red: 

 
 

And, the third derivative is in blue: 
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3.46  Square Cornu Spiral/Fresnel Integrals 

 

The Cornu Spiral(*) and Fresnel Integrals(*)  

 
 

Are just the side and front views of the spiraling helix with decreasing amplitude for equation: 

 

ώ Ὥᾀ Ὡ Ὠί 

 

 
 

As we saw in sections 3.1  The Elliptic Helix, and 3.2  The ΨCusped Helix, by adding a second term 

as a reciprocal, amplitude and frequency characteristics are modified. I.e.:  

 

ώ Ὥᾀ ὃὩ ὄὩ Ὠί 

http://mathworld.wolfram.com/CornuSpiral.html
http://mathworld.wolfram.com/FresnelIntegrals.html
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The spiraling helix may be given different geometric shapes. 

 

So, with ὥ σȟὦ ρȟὃ Ȣτςυȟὥ ὦ τ determines the number of cusps: 

 
 

And, the side view in blue and the front view in black take the Ψ{ǉǳŀǊŜ /ƻǊƴǳΩ shape: 
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or, with ὥ ςȟὦ ρȟὃ Ȣφȟὥ ὦ σȟ ŀ ΨTriangular CornuΩ: 

 
 

Or, with ὥ ρȢςȟὦ Ȣρςυȟὃ ὄ ρȢυȡ  

 
 

See section 

 

12.41  Cornu Spiral/Fresnel Surface for putting a surface on the Cornu Spiral.  
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3.5  Conversion From 2D Polar to 3Di Coordinates 

3.51  Cochleoid  

 

Lƴ ŎŀǎŜ ƛǘ ƘŀǎƴΩǘ ōŜŜƴ noticed, in switching coordinate systems from 2D polar to 3Di for these 

spirals, whatever operations are done on theta; if those same operations are done on the 

ŎƻŜŦŦƛŎƛŜƴǘ ΨȄΩ ƛƴ ŦǊƻƴǘ ƻŦ ǘƘŜ ƴƻǊƳŀƭ ƘŜƭƛȄ, the specific spiral shapes will  result in RSIP. 

 

To illustrate, the Cochleoid has the polar equation: 

    

ὶ ὥ
ÓÉÎ—

—
      ὥ ρ 

 

    

Beginning with the basic helix equation: 

 

ώ ὭᾀὩ  

 

Then, placing the coefficient ΨȄΩ: 

 

ώ ὭᾀὼὩ 

 

Then, performing the same operations on ΨȄΩ as on ΨqΩΩΥ 

 

ώ Ὥᾀ
ίὭὲὼ

ὼ
Ὡ  

  

And, with the usual change in coordinates: 

 

ςὈ ὼ σὈὭ y 

ςὈ ώ σὈὭ Ὥᾀ 
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interval  π ὼ ω“ȡ  

 

2D Polar           3Di RSIP 

 
 

 

3.52  Conchoid 

 

More generally, to convert from 2D polar to 3Di coordinates, there are two steps: 

 

1) Replace ʃ by ὼȟὥὲὨ ὶ ὦώ ὶὼ.  

2) Insert ὶὼ as a coefficient of the helix. 

 

 

Virtually any curve, no matter how exotic, that is expressed in polar coordinates can be 

converted to 3Di coordinates.   

 

Here are the 2D projections from the resulting space curve for the Conchoid in 3Di: 

  

2D Polar form:   ὶ ὥ ὦ ίὩὧ q 

3Di form:   ώ Ὥᾀ ὥ ὦÓÅÃὼὩ  

 

  



A New Coordinate System for Complex Numbers 112 

greg ehmka, 2013 
 

RSIP with interval  “ ὼ “: 

 
 

The horizontal line is the graphing softwareΩǎ ŀǘǘŜƳǇǘ to connect the graph across Њ at 

ὼ ȟ   

 

The FRP graph is continuous. Interval  ς“ ὼ ς“: 
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TIP with interval ς“ ὼ ς“: 

 
 

The vertical lines are the graphing software connecting ЊȢ 
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3.6  Spira Mirabilis  6 New 3Di Equations for the Equiangular Spiral  

 

Helixes provide an opportunity to generate completely new equations for many of the historical 

curves.   

 

The Equiangular or Logarithmic Spiral, in addition to the polar to 3Di conversion, has some 

other interesting ways that it can be generated.  For the most part the new forms may be made 

as exact as desired by adjusting coefficients, and with some, adjusting graphing axes.   

 

i. the historical form   ὶ ὥὩ  

ii. the 3Di converted form   ώ Ὥᾀ  ὥὩ Ὡ  

iii. tƘŜ Ψcomplex eȄǇƻƴŜƴǘƛŀƭΩ form  ώ ὭᾀὩ  

iv. a logarithmic form   ώ ὭᾀὨÌÎὧὭ 

v. a complex base form                ώ ὭᾀὨὩ Ὥ  

vi. a negative base form   ώ ὭᾀὨ Ὡ  

vii. aƴ ΨŜȄǇƻƴŜƴǘƛŀƭ ǊƻǘŀǘƻǊΩ Ὥ  form  ὼ  ὥὲὨ  Ὡ  

 

The logarithmic, complex base, and negative base forms generate the equiangular spiral in side 

view from very different helixes. (See section 6.3  The Helix Base b and Wavelength l for helixes 

with different bases.) So the various coefficients have to be adjusted taking into consideration 

helix direction - real, imaginary, or both - and whether the helix opens toward positive or 

negative ὼ, as well as helix development, clockwise (CW) or counterclockwise (CCW). See 

sections below. 

 

 

3.61  In 3Di Converted Form. 

 

Historical equation:   ὶ ὥὩ   

 

And so:    ὶὼ ὥὩ  

 

And, in 3Di:   ώ ὭᾀὶὼὩ  ὥὩ Ὡ  

 

Additionally, the ÃÏÔὦ function, as well as any trigonometric function, is equivalent to using the 

real and imaginary parts of the basic helix function. 
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E.g., 

ÃÏÔὦ
ὶὩὥὰὩ

ὭάὥὫὩ
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with  ὥ ρ   ὥὲὨ   ὦ ,  interval   ρςp —ȟὼ ρς“: 

 

2D Polar      

 
 

 

3Di RSIP 
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Below, the FRP (front in violet) and TIP (top in red) views show spiraling asymptotic amplitude 

ǘƻ ǘƘŜ ƘƻǊƛȊƻƴǘŀƭ ŀȄƛǎ ƛƴ ǘƘŜ ƴŜƎŀǘƛǾŜ ΨȄΩ ŘƛǊŜŎǘƛƻƴ, and increasing without limit amplitude in the 

ǇƻǎƛǘƛǾŜ ΨȄΩ ŘƛǊŜŎǘƛƻƴΦ  ¢ƘŜȅ ŀƭǎƻ ǎƘƻǿ ŀ ŦƛȄŜŘ ǿŀǾŜƭŜƴƎǘƘ ƻŦ ς“.  Changes in ὦ only effect the 

amplitude, not the wavelength: 
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The three orthogonal plane projection views together:  
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And, the spiraling helix itself: 
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3.62  ¢ƘŜ ΨComplex EȄǇƻƴŜƴǘƛŀƭΩ Corm 

ώ ὭᾀὩ  

 

Here, this helix is correlated to the standard form by: 

 

standard form   ὶ ὥὩ  

this exponential form  ώ ὭᾀὩ  

 

The spirals will correlate with properly chosen coefficients, e.g.,: 

 

 Example 1: ὦ ρȢςωπψυȟ   Ὢ ρȟ   Ὣ σȢτχφρτ 

 Example 2: ὦ ρȢςςςυȟ     Ὢ ρȟ   Ὣ ςȢχυτπχπ 

 Example 3: ὦ ȢφψωȢȢȟ      Ὢ ςȟ    Ὣ ρȢφτχ 

 

And switching the horizontal and vertical axes in RSIP is necessary for the helix form. 

 

Example 1: 
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A New Coordinate System for Complex Numbers 122 

greg ehmka, 2013 
 

Example 2: 

 
 

 

Example 3: 

 
 

See section 11.21  Spira Mirabilis Again, for more on the ǎǇƛǊŀƭΩǎ relationship to rotating 

exponentials. 
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3.63  In Logarithmic Form 

 

The Equiangular Spiral is also ŎŀƭƭŜŘ ǘƘŜ Ψ[ƻƎŀǊƛǘƘƳƛŎ {ǇƛǊŀƭΩ; and it is striking to note that this 

spiral can be generated by using the logarithm of an imaginary number as a base!   

 

The equation: 

ώ ὭᾀὭ 

 

generates a helix with constant amplitude 1,  Ƨǳǎǘ ƭƛƪŜ ǘƘŜ Ψ9ǳƭŜǊ IŜƭƛȄΩ (see section 6Φл  9ǳƭŜǊΩǎ 

Formula Upgraded, Helix and Spiral Functions), except that this helix has a wavelength of 4, 

rather than 2p.  Further, by inserting a coefficient to Ὥ: 

 

ώ Ὥᾀ ὅὭ 

 

various spiraling helixes are generated and with ὅ : 

 

ώ Ὥᾀ
“Ὥ

ς
 

 

which is:   

     ώ Ὥᾀ ÌÎὭ  

 

By inserting coefficients ὧ ὥὲὨ Ὠȡ  

     ώ ὭᾀὨÌÎὧὭ 

 

 

This may be made as exact as desired by adjusting ὥ ὥὲὨ ὦ in the converted form, with Ὠ ὥὲὨ ὧ 

in the logarithmic form. 

 

Examples:  

i. For ὥ ρȟὨ ρ ὥὲὨ ὧ ρȟὦ ρȢςωπψυωȢ  

ii. For ὥ ρȟὨ ρ ὥὲὨ ὧ ςȟὦ ρȢρσσρυρ to seven significant digits. 

iii. For ὥ ςȟὨḙ Ȣψρπφ ὥὲὨ ὧ ρȟὦ ρȢςωπψυω.  
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Here are the three 2D projection graphs superimposed on one another for the ÌÎὧὭ base helix.   

 

Note wavelength τȢ 

 

Violet =  FRP 

Red = TIP 

Blue = RSIP  

 

Interval -12p ὼ ρςp:: 
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The same three 2D projection graphs orthogonal in space: 
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And superimposing the helix itself, in black, tƘŜ ŀǎȅƳǇǘƻǘƛŎ ŀƳǇƭƛǘǳŘŜ ƛǎ ƛƴ ǘƘŜ ƴŜƎŀǘƛǾŜ ΨȄΩ 

direction: 
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3.64  In Complex Base Form  

 

The complex base form generates  an Equiangular Spiraling Helix with the following equation: 

   

ώ ὭᾀὨὩ Ὥ  

 

 
 

This differs from the converted/historical form in the following ways: 

 

1) ¢ƘŜ ǎǇƛǊŀƭƛƴƎ ŀǎȅƳǇǘƻǘƛŎ ŀƳǇƭƛǘǳŘŜ ƛǎ ƛƴ ǘƘŜ ǇƻǎƛǘƛǾŜ ΨȄΩ ŘƛǊŜŎǘƛƻƴ ǊŀǘƘŜǊ ǘƘŀƴ ǘƘŜ 

ƴŜƎŀǘƛǾŜ ΨȄΩ ŘƛǊŜŎǘƛƻƴΤ 

2)  !ǎ ǿŜ ǎǘŀƴŘ ŀƴŘ ŦŀŎŜ ǘƘŜ ǇƻǎƛǘƛǾŜ ΨȄΩ ŘƛǊŜŎǘƛƻƴ ǘƘŜ ŘŜǾŜƭƻǇƳŜƴǘ ƛǎ CW rather than CCW; 

3) The fixed wavelength is approximately 5.90826 rather than 2p; 

 

To offset the differences it is necessary to switch the graphing axes for one or the other. Then, 

this form, as the coefficient Ὠ is changed, lines up with the converted/historical form in side 

view in a periodic way!  But only for certain values of ὥ ὥὲὨ ὦȢ  Since there is only one 

coefficient, Ὠ in this form, it may be possible to insert another coefficient (similar to ὧ in the 

logarithmic form) that lines them up for other values of ὥ ὥὲὨ ὦȢ  

 

So for example, with ὥ ρȟὦ ρȢςυπχυȟ  the spiral lines up for:  

 Ὠ Ȣπχτπȟ Ȣππωρψȟ ȢππρρτȟȢππσςυ and others. 



A New Coordinate System for Complex Numbers 129 

greg ehmka, 2013 
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Converted/historical form in blue, complex base form in red: 

 
Animation 11 Ω9ǉǳƛŀƴƎǳƭŀǊ {ǇƛǊŀƭ /ƻƳǇƭŜȄ .ŀǎŜ CƻǊƳΩ 

    

  

http://youtu.be/IEcPvvnR6cg
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3.65  In Negative Real Base Form  

 

When using a negative real base like ‍ Ὡ the two dimensional wavelength is ς“ , but the 

amplitudes become so large and so small so quickly, that it is difficult to see exactly what is 

happening. 

 

For example with: 

ώ Ὥᾀ Ὡ  

 

the FRP graph is: 
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And, the three dimensional graph is:  

 
 

 

The larger the base becomes, the shorter is the 2D wavelength. So, if the base is made 

extremely large: 

‍ Ὡ ρȢυσυυσρπ 

 

ώ Ὥᾀ ‍  
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then, the 2D wavelength : 
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And, the graphs become somewhat more manageable, especially in the three-dimensional 

view: 
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Animation 12 ΩEquiangular Spiral Negative Base FormΩ 

 

As with the complex base form, it is necessary to switch 2D graphing axes in one or the other 

base forms. And then, by adding the adjusting coefficient as in the other forms: 

 

ώ ὭᾀὨ ‍  

 

this spiral will line up with the converted/historical form similarly to the complex base form:  

i.e., periodically for certain values of ὥ  ὥὲὨ  ὦȢ And, like the complex form it may be possible to 

insert another coefficient, ὧȟ somewhere that lines them up for other values of ὥ ὥὲὨ ὦȢ 

 

E.g., with  ὥ ρȟὦ ρȢτπυυφȟ   Ὠ ȢπσστσφυȟȢτυχττφ, and others. 

 

See section 6Φл  9ǳƭŜǊΩǎ Cormula Upgraded, Helix and Spiral Functions for a more general 

analysis of ƘŜƭƛȄŜǎ ŀƴŘ ǎǇƛǊŀƭǎ ŀƴŘ ŀƴ ŜȄǇŀƴŘŜŘ ƛƴǘŜǊǇǊŜǘŀǘƛƻƴ ƻŦ 9ǳƭŜǊΩǎ ƛŘentity. 

http://youtu.be/t4GrhYZVz6g
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оΦсс  !ƴ ΨŜȄǇƻƴŜƴǘƛŀƭ ǊƻǘŀǘƻǊΩ Ὥ  form:  

 

ώ Ὥᾀὼ ὥὲὨ ώ ὭᾀὩ  

 

See section 9.40  The Equiangular Spiral and Cardioid Motion 
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3.7  Additional Terms in the Helix Equation 

 

The equation for the elliptical helix (section 3.1  The Elliptic Helix): 

 

ώ ὭᾀὃὩ ὄὩ  

 

is a special case of the equation ŦƻǊ ΨŎǳǎǇŜŘΩ helixes, circular cycloids and trochoids, rose curves, 

foliums, etc. (sections 3.2  The ΨCusped Helix to 3.26  Epicycloid, Hypotrochoid,  Epitrochoid, 

Hypocycloid); 

 

In this elliptical helix equation, ὥ ὦ ρ  ὥὲὨ ὃ ὄ 

 

ώ ὭᾀὃὩ ὄὩ  

 

and then bȅ ŀƭƭƻǿƛƴƎ ŦƻǊ ŘƛŦŦŜǊŜƴǘ ΨŦǊŜǉǳŜƴŎiesΩ ƻƴ ŜŀŎƘ ǘŜǊƳΣ ǘhis basic idea can be extended 

to combine any number of helixes: 

 

ώ ὭᾀὭὃὩ ὄὩ ὅὩ ὈὩ  ȣȣ  

 

The coefficient Ὥ serves ŀǎ ŀ ǎƛƳǇƭŜ ΨrotatorΩΦ This is for purposes of matching side views of the 

resulting helixes to other graphs, or for orienting the side view a certain way (See section 9.39  

A Simple Rotator) and so on.   

 

Additionally, any of the ŀƳǇƭƛǘǳŘŜ ƻǊ ΨŦǊŜǉǳŜƴŎȅΩ coefficients can also be functions: 

 

E.g.,   ὃ ὃὼȟὥ ὥὼ  ȟὧ ὧὼ   

 

Needless to say, this creates a vast array of unlimited possibilities for new functions, any and all 

of which may be differentiated.  See sections 7.7  Higher Level Exponents.  
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3.71  Cardioid  

 

The historical equation for the Cardioid is: 

 

ὶ ςὥρ ÃÏÓq 

 

with ὥ ρȢ  Using this more generalized helix equation, the Cardioid: 

 

ώ ὭᾀὭὃὩ ὄὩ ὅὩ ὈὩ  

 

has the following coefficients: 

 

ὥ ςȟ ὦ ρȟ ὧ πȟ Ὠ π 

ὃ ρȟ ὄ ςȟ ὅ ρȟ Ὀ π 

Ὧ ρ 

 

Note that, in this case,  we did not directly convert the polar form to the helix form, but rather just 

found the right coefficients, summed two helixes with a constant ,and rotated it.  I.e., 

 

ώ ὭᾀὭὩ ςὩ ρ 

 

2D Polar;  interval:  π — ὼ ς“ 
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3Di  RSIP: 
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As the tracing coordinates show this equation is exact at least to 8 significant digits. 

 

The full Cardioid Helix on the interval;   σ“ ὼ σ“   

 

 
Animation 13 Ψ/ŀǊŘƛƻƛŘ IelƛȄΩ 

3.72  Unification Note 

As a side note of interest, in the external link here, the historical form for the Cardioid, in 

addition to polar coordinates, is also given in a two dimensional Cartesian equation. I.e.,    

 

ὼ ώ ςὥὼ τὥ ὼ ώ π 

 

Given that the helix equation which is a transcendental function, for the Cardioid is: 

 

ώ ὭᾀὭὩ ςὩ ρ 

 

this gives an algebraic form and a transcendental form for the same object in the same 

coordinates.  This may be of significant potential usefulness in the eventual unification of 

algebraic and transcendental functions.   

 

3.73  Cardioid Derivatives 

 

http://youtu.be/g0G78mdr6lI
http://www-history.mcs.st-and.ac.uk/history/Curves/Cardioid.html
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Going to the Cardioid derivatives, with coefficients as in the previous section, the first 

derivative (RSIP view) of the Cardioid is a Limacon, enlarged and rotated: 

 

ώ Ὥᾀ
Ὠ

Ὠὼ
ὭὃὩ ὄὩ ὅὩ ὈὩ  

 

 
The second derivative enlarges and rotates further: 

 

ώ Ὥᾀ
Ὠ

Ὠὼ
ὭὃὩ ὄὩ ὅὩ ὈὩ  
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3.74  CǊŜŜǘƘΩǎ bŜǇƘǊƻƛŘ with Derivatives 

 

2DPolar: 

ὶ Ὣρ ςÓÉÎ
—

ς
    Ὣ ρ 

 

3Di with coefficients:   

 

ώ ὭᾀὭὃὩ ὄὩ ὅὩ ὈὩ  

 

ὥ σȟ ὦ ςȟ ὧ ρȟ Ὠ π 

ὃ ρȟ ὄ ρȟ ὅ ρȟ Ὀ π 

Ὧ σ 
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2D Polar graph;  Interval;  ς“ ὼ ς“  

    

 
 

 

3Di RSIP graph;  Interval;  ς“ ὼ ς“ As with the Cardioid this equation is exact. 
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CǊŜŜǘƘΩǎ bŜǇƘǊƻƛŘ space helix: 

 
 

 

CǊŜŜǘƘΩǎ bŜǇƘǊƻƛŘΣ ŦƛǊǎǘ ŘŜǊƛǾŀǘƛǾŜ ƛƴ о5ƛ w{Lt ǾƛŜǿΥ 

 

 
 






























































































































































































































































































































































































































































































































































































































































































































































































































