
 

 

A Three Dimensional Coordinate System for  

Complex Numbers 
 

by greg ehmka 

 

 
 

ΨDŜƻƳŜǘǊƛŎ ¢ƻǊus Surface FunctionsΩ 

  



A New Coordinate System for Complex Numbers 2 

greg ehmka, 2013 
 

Cover Illustration: 

 

Shown on the cover, in cutaway, ŀǊŜ ŀ ΨǘǊƛŀƴƎǳƭŀǊΩ ǘƻǊǳǎ ƛƴ ŀ ΨǘǊƛŀƴƎǳƭŀǊΩ ƻǊōƛǘ ŀƴŘ ŀ ΨǎǉǳŀǊŜΩ 

ǘƻǊǳǎ ƛƴ ŀ ΨǎǉǳŀǊŜΩ ƻǊōƛǘΦ   

 

[ŀōŜƭƛƴƎ ǘƘŜƳ ŀǎ ŀ ΨоΣ о ǘƻǊǳǎΩ ŀƴŘ ΨпΣ п ǘƻǊǳǎΩ ǊŜǎǇŜŎǘƛǾŜƭȅ, we can graph nearly endless 

possibilities.  E.g.  3, 4; 6, 3; 2, 8; 8, 1 (circular); etc.   

 

The functions are of parametric form: 

 

ὼ
ώ
Ὥᾀ
   

Ὢό Ὥὺ

Ὣό Ὥὺ

Ὤό Ὥὺ

 

 

See section 14.0  5Dii:  Circular Surface Functions.  

 

 

  



A New Coordinate System for Complex Numbers 3 

greg ehmka, 2013 
 

 

 

A Three Dimensional Coordinate System for Complex Numbers 

Copyright: greg ehmka  

Published: 2013 - Revised Edition 

Revised: September 2013 

Revised: December 2013 

Publisher: greg ehmka 

 

 previously titled: 

 

άо5ƛΥ ¢ƘƛǊŘ 5ƛƳŜƴǎƛƻƴ LƳŀƎƛƴŀǊȅέ 

ά! bŜǿ /ƻƻǊŘƛƴŀǘŜ {ȅǎǘŜƳ ŦƻǊ ŎƻƳǇƭŜȄ bǳƳōŜǊǎέ 

Copyright: greg ehmka 

Published: 2009 

Publisher: greg ehmka 

 

All rights reserved. 

No part of this publication may be reproduced or copied for distribution in any form except 

small portions as part of a review. 

 

www.gregehmka.com 

 

 

 

 

  

http://www.gregehmka.com/


A New Coordinate System for Complex Numbers 4 

greg ehmka, 2013 
 

Acknowledgements 

 

Appreciation, gratitude and celebration are expressed to literally everyone who sincerely 

offered articles, questions, thoughts, speculations, and even confusion relative to math on the 

internet. All of it is invaluable to the solitary researcher. 

 

And, of course, many thanks to the Muses!  



A New Coordinate System for Complex Numbers 5 

greg ehmka, 2013 
 

Dedication: 

 

This e-book is dedicated to all high school students, past and present, who found a spark of 

interest in mathematics and then decided that she or he was too math-phobic, or not smart 

enough, to go further. It took me nearly thirty years to write this. 5ƻƴΩǘ give up on what you 

love!   

 

Sincerely, 

 

greg ehmka 

  



A New Coordinate System for Complex Numbers 6 

greg ehmka, 2013 
 

Software Note: 

 

All of the graphs and videos in this e-book were produced with tŀŎƛŦƛŎ ¢ŜŎƘΩǎ  ΨDǊŀǇƘƛƴƎ 

/ŀƭŎǳƭŀǘƻǊΣΩ which for the most part is an inexpensive and excellent piece of software that I can 

completely recommend. The simple user interface is its strong point.  

 

The difficulties arise in three places: (1) The older version videos produce AVI files which seem 

to come out upside down - this has been fixed in later versions; 2) The graphs are sometimes 

incomplete at cusps, certain vertices, and so on; and (3) At certain discontinuities, the software 

ǇǊƻŘǳŎŜǎ ǳƴƴŜŎŜǎǎŀǊȅ άǎǘǊŀƛƎƘǘ ƭƛƴŜǎέ ŀǎ ƛǘ ŀǘǘŜƳǇǘǎ ǘƻ άŎƻƴƴŜŎǘ ǘƘŜ Řƻǘǎέ - these will be 

pointed out where needed. 

 

The video files for the animations are hosted on YouTube and will play automatically when the 

links are clicked. 

 

Please feel free to send along anything that might warrant attention. 

 

Contact Note: 

 

In an endeavor of this size and scope, there will likely be no shortage of errors. Additionally, any 

innovative notations offered can best be thought of as suggestions that seemed to make sense 

at the time but likely can be improved upon. Corrections and thoughtful suggestions for 

improvement are invited - please feel free to email me. 

 

 

Navigation Note: 

 

The List of Animations, the Table of Contents, and cross-references are ΨŀŎǘƛǾŜΩ allowing for easy 

navigation. Just click on any of them to go anywhere. If you wish to return after jumping 

anywhere, just click  ALT + LEFT ARROW. It functions ƭƛƪŜ ŀ ΨōŀŎƪ buttonΩ on a browser. 

 

The index is not active, so the best approach there is to type the page number into the current 

page box (at the top of Adobe Acrobat) and hit ENTER to go to that page. To go back type ALT + 

LEFT ARROW. 

 

http://www.pacifict.com/
http://gregehmka.com/contact
http://gregehmka.com/contact


A New Coordinate System for Complex Numbers 7 

greg ehmka, 2013 
 

Note to Mac useǊǎΥ ¸ƻǳ Ƴŀȅ ƴŜŜŘ ǘƻ Ƴŀƴǳŀƭƭȅ ŀŘŘ ŀ ΨōŀŎƪ ōǳǘǘƻƴΩ ǘƻ ȅƻǳǊ ǘƻƻƭ ōŀǊΦ ¢ƻ Řƻ ǘƘƛǎ 

go to the VIEW drop-down menu. Then, click CUSTOMIZE TOOL BAR. Then, drag the FORWARD 

and BACK ARROWS from the menu to the tool bar for one-click forward and back navigation 

within this e-book.  

 

Active Table of Contents 

A Three Dimensional Coordinate System for ................................................................................................. 1 

Complex Numbers .......................................................................................................................................... 1 

Cover Illustration: ................................................................................................................................................. 2 

Acknowledgements .............................................................................................................................................. 4 

Dedication: ........................................................................................................................................................... 5 

Software Note: ..................................................................................................................................................... 6 

Contact Note: ....................................................................................................................................................... 6 

Navigation Note: .................................................................................................................................................. 6 

Active Table of Contents ........................................................................................................................................... 7 

Active List of Animations ......................................................................................................................................... 13 

1.0 Imaginary Numbers and Human Experience ................................................................................................. 16 

1.1 General Characteristics ................................................................................................................................ 20 

1.2 Associated Dimensions and Functions ......................................................................................................... 21 

1.3 Example in 4Dii ............................................................................................................................................. 22 

2.0  3Di Means: ά¢ƘƛǊŘ 5ƛƳŜƴǎƛƻƴ LƳŀƎƛƴŀǊȅέ........................................................................................................ 26 

2.1  Constructing the Coordinate System .......................................................................................................... 26 

2.2  A Left Hand System ..................................................................................................................................... 31 

2.3  Projection Planes ......................................................................................................................................... 32 

2.4  Real, Imaginary or Complex Function Input and Output ............................................................................. 35 

2.5  Projecting a Space Curve ............................................................................................................................. 37 

2.6  Conics in 3Di ................................................................................................................................................ 42 

2.61  Conic Nonlinearity ................................................................................................................................ 45 

2.7  Helixes in 3Di ............................................................................................................................................... 52 

2.71  Beat Helix .............................................................................................................................................. 54 

2.72  Combining  Bases .................................................................................................................................. 58 

2.8  Exponentials in 3Di ...................................................................................................................................... 62 

2.81  Exponential Graph Rotation ................................................................................................................. 62 

2.82  Inverse Lambert W ............................................................................................................................... 64 

3.0   Historical Curves in 3Di .................................................................................................................................... 66 

3.1  The Elliptic Helix .......................................................................................................................................... 66 

оΦн  ¢ƘŜ Ψ/ǳǎǇŜŘ IŜƭƛȄΩ ....................................................................................................................................... 70 

3.21  Tricuspoid ............................................................................................................................................. 70 



A New Coordinate System for Complex Numbers 8 

greg ehmka, 2013 
 

3.22  Astroid .................................................................................................................................................. 70 

3.23  5-cuspoid,  Etc. ..................................................................................................................................... 71 

3.24  Trifolium ............................................................................................................................................... 74 

3.25  Rose Curves, Quadrifolium,  Etc. .......................................................................................................... 74 

3.26  Epicycloid, Hypotrochoid,  Epitrochoid, Hypocycloid ........................................................................... 77 

3.3  Cycloid ......................................................................................................................................................... 79 

3.31  Imaginary Slope .................................................................................................................................... 89 

3.4  Historical Spirals in 3Di ................................................................................................................................ 92 

3.41  Archimedes Spiral ................................................................................................................................. 92 

оΦпн  CŜǊƳŀǘΩǎ {ǇƛǊŀƭ ...................................................................................................................................... 95 

3.43  Hyperbolic Spiral................................................................................................................................... 98 

3.44  Lituus .................................................................................................................................................. 100 

3.45  Helix  Derivatives, Lituus ..................................................................................................................... 102 

3.46  Square Cornu Spiral/Fresnel Integrals ................................................................................................ 106 

3.5  Conversion From 2D Polar to 3Di Coordinates .......................................................................................... 109 

3.51  Cochleoid ............................................................................................................................................ 109 

3.52  Conchoid ............................................................................................................................................. 110 

3.6  Spira Mirabilis  6 New 3Di Equations for the Equiangular Spiral ............................................................... 113 

3.61  In 3Di Converted Form. ...................................................................................................................... 113 

оΦсн  ¢ƘŜ Ψ/ƻƳǇƭŜȄ 9ȄǇƻƴŜƴǘƛŀƭΩ CƻǊƳ ........................................................................................................ 119 

3.63  In Logarithmic Form ........................................................................................................................... 122 

3.64  In Complex Base Form ........................................................................................................................ 127 

3.65  In Negative Real Base Form ................................................................................................................ 130 

оΦсс  !ƴ ΨŜȄǇƻƴŜƴǘƛŀƭ ǊƻǘŀǘƻǊΩ Ὥύ form: ...................................................................................................... 135 

3.7  Additional Terms in the Helix Equation ..................................................................................................... 136 

3.71  Cardioid .............................................................................................................................................. 137 

3.72  Unification Note ................................................................................................................................. 139 

3.73  Cardioid Derivatives ........................................................................................................................... 139 

оΦтп  CǊŜŜǘƘΩǎ bŜǇƘǊƻƛŘ ǿƛǘƘ 5ŜǊƛǾŀǘƛǾŜǎ .................................................................................................... 141 

3.75  Limacon .............................................................................................................................................. 144 

3.76  Nephroid ............................................................................................................................................. 148 

оΦтт  ¢ŀƭōƻǘΩǎ /ǳǊǾŜ ǿƛǘƘ 5ŜǊƛǾŀǘƛǾŜǎ .......................................................................................................... 150 

3.78  Cowboy Hat with Derivatives ............................................................................................................. 154 

оΦу  ¢ƘŜ {ŜǊǇŜƴǘƛƴŜΣ ²ƛǘŎƘ ŀƴŘ ŀ ά/ƛǊŎƭŜέ ........................................................................................................ 156 

3.9  Additional Historical Curves ...................................................................................................................... 165 

4.0  Polynomials in 3Di .......................................................................................................................................... 166 

4.1  Quadratic Input and Output ...................................................................................................................... 166 

4.11  Quadratic Nonlinearity ....................................................................................................................... 173 

4.2  Imaginary Polynomial Coefficients ............................................................................................................ 174 

4.21  Imaginary Translation ......................................................................................................................... 174 

4.22  Imaginary Rotation and Concavity ..................................................................................................... 177 

пΦно  LƳŀƎƛƴŀǊȅ Ψ¢ƛƭǘΩ .................................................................................................................................... 178 

4.3  Helixes as Polynomial Coefficients ............................................................................................................ 179 

4.4  A Quadratic Ellipse-Hyperbola in Space .................................................................................................... 188 

4.5  Cusps ......................................................................................................................................................... 195 



A New Coordinate System for Complex Numbers 9 

greg ehmka, 2013 
 

4.51  Helix Cusp ........................................................................................................................................... 195 

4.52  Polynomial Cusp ................................................................................................................................. 198 

4.53  Semicubical Parabola .......................................................................................................................... 200 

4.54  Mordell Bifurcation, Moving the Cusp ............................................................................................... 202 

4.55  Elliptic Curve Bifurcation .................................................................................................................... 204 

4.56  Elliptic Curve Nonlinearity .................................................................................................................. 207 

4.57  Skewed Elliptic Curves ........................................................................................................................ 209 

4.58  Imaginary Hyperelliptic Curves ........................................................................................................... 211 

4.59  Lame Curve Bifurcation ...................................................................................................................... 216 

4.6  Polynomial Bifurcation .............................................................................................................................. 222 

4.61  Roots of a Cubic .................................................................................................................................. 222 

4.62  Roots of a Quartic ............................................................................................................................... 230 

4.63  A Quintic Roots Graph ........................................................................................................................ 232 

4.64  A Sextic Roots Graph .......................................................................................................................... 233 

4.65  Polynomial Nonlinearity ..................................................................................................................... 236 

4.7  Complex Coefficients -  Polynomials in Space ........................................................................................... 238 

4.8  Inverse Polynomial Functions.................................................................................................................... 244 

5.0  Complex Slope ................................................................................................................................................ 248 

5.1 An Intuitive Model ..................................................................................................................................... 248 

5.2 Real, Imaginary and Complex Slope ........................................................................................................... 249 

5.21 Example: .............................................................................................................................................. 251 

5.3 Inverse Imaginary Slope ............................................................................................................................. 254 

5.4 Table of Slopes in 3Di ................................................................................................................................. 257 

5.5 Transformation of Two Dimensional Slope ................................................................................................ 258 

5.6  Polynomial Space Trajectories .................................................................................................................. 263 

сΦл  9ǳƭŜǊΩǎ CƻǊƳǳƭŀ ¦ǇƎǊŀŘŜŘΣ IŜƭƛȄ ŀƴŘ {ǇƛǊŀƭ CǳƴŎǘƛƻƴǎ .................................................................................. 266 

сΦм  9ǳƭŜǊΩǎ CƻǊƳǳƭŀ ƛƴ ¢ƘǊŜŜ 5ƛƳŜƴǎƛƻƴǎ ........................................................................................................ 266 

6.2  Coordinates in  the Normal Complex Plane and in 3Di ............................................................................. 267 

6.3  The Helix Base b and Wavelength l .......................................................................................................... 270 

6.31  The New Famous Five Identities ......................................................................................................... 273 

сΦон  9ǳƭŜǊΩǎ CŀƳƻǳǎ CƻǊƳǳƭŀ ¦ǇƎǊŀŘŜŘ .................................................................................................... 274 

6.4  Wavelength Interpretations ...................................................................................................................... 278 

6.41  Table of  Exponent Effects for Various Bases: .................................................................................... 279 

6.42   Positive Real Wavelengths ................................................................................................................. 280 

6.43   Negative Wavelength Interpretation................................................................................................. 283 

6.44   Imaginary Wavelength Interpretation ............................................................................................... 284 

6.45   Complex Wavelength Interpretation ................................................................................................. 288 

6.5  Exponentials .............................................................................................................................................. 292 

6.51  The Ὥ-base Exponential ....................................................................................................................... 292 

6.52  Rotating Exponentials ......................................................................................................................... 295 

6.53  Exponential Tangents ......................................................................................................................... 297 

6.54  The Elliptic Spiral ................................................................................................................................ 300 

6.6  The ὼ or Variable Base .............................................................................................................................. 307 

7.0  2
nd

 and Higher Level Exponents ...................................................................................................................... 312 



A New Coordinate System for Complex Numbers 10 

greg ehmka, 2013 
 

7.1   Helix and Spiral Nonlinearity .................................................................................................................... 312 

7.2  Additional Levels of Exponents ................................................................................................................. 320 

тΦо  ±ŀǊƛŀōƭŜ ²ŀǾŜƭŜƴƎǘƘ ŀƴŘ [ƻŎŀǘƛƻƴ ƻŦ ǘƘŜ Ψ½ŜǊƻǎΩ ..................................................................................... 323 

7.31  2
nd

 [ŜǾŜƭ 9ȄǇƻƴŜƴǘǎ ŀƴŘ ǘƘŜ ΨȄ-ōŀǎŜΩ .................................................................................................. 329 

7.4  Exotic Graphs Using Second Level Exponents ........................................................................................... 339 

тΦр  Ψ!ƛǊȅ ¢ȅǇŜΩ  {ǇƛǊŀƭ ....................................................................................................................................... 348 

7.51  Airy Zeros  Approximations ................................................................................................................ 351 

тΦс  Ψ.ŜǎǎŜƭ ¢ȅǇŜΩ {ǇƛǊŀƭ .................................................................................................................................... 356 

7.61  Bessel Zeros Approximation ............................................................................................................... 357 

7.62  Variable Coefficient and Derivative Examples .................................................................................... 361 

7.63  A Cornucopia Function ....................................................................................................................... 363 

7.7  Higher Level Exponents ............................................................................................................................. 365 

7.71  3
rd

 Level exponents - Two Examples................................................................................................... 365 

7.72  4
th
 Level Exponent Example ................................................................................................................ 368 

8.0   Helix  and Spiral Antiderivatives .................................................................................................................... 370 

8.1  First Level Exponents ................................................................................................................................. 370 

8.11  Helix Derivatives ................................................................................................................................. 370 

8.12  Helix Antiderivatives ........................................................................................................................... 371 

8.2  First and Second level Exponents .............................................................................................................. 373 

8.21  First Level Exponent Imaginary: ......................................................................................................... 373 

8.22  Second Level Exponent Real ............................................................................................................... 374 

8.23  Second Level Exponent Complex ........................................................................................................ 376 

8.24  First Level Exponent Complex ............................................................................................................ 378 

9.0  4Di: Function Morphing ................................................................................................................................. 379 

9.1  4Di Function Input and Output alternatives ............................................................................................. 379 

9.2  Morphing Concept .................................................................................................................................... 380 

9.3  4Di Morphing Function Examples ............................................................................................................. 382 

9.31  The Polynomial Morphing Function ................................................................................................... 382 

9.32  Polynomial Fractional Derivatives ...................................................................................................... 384 

9.33  Exponential Morphing ........................................................................................................................ 385 

9.34  Periodic Exponential Morphing .......................................................................................................... 386 

9.35  Parabolic Morphing ............................................................................................................................ 388 

9.36  Lissajous Morphing ............................................................................................................................. 389 

9.37 2
nd

  Derivative Morphing ..................................................................................................................... 391 

9.38  Morphing Skewed Spirals ................................................................................................................... 393 

9.39  A Simple Rotator ................................................................................................................................. 397 

9.40  The Equiangular Spiral and Cardioid Motion ...................................................................................... 399 

10.0  4Dii: Helix Morphing .................................................................................................................................... 406 

11.0  4Dii: Algebraic Forms ................................................................................................................................... 408 

11.1  Functions in 4Dii ...................................................................................................................................... 408 

11.2  A New Geometry of Natural logarithms .................................................................................................. 409 

11.21  Spira Mirabilis Again ......................................................................................................................... 409 

11.22  The Four Coordinate Complex Exp/Log Function ............................................................................. 412 

11.23  The Four Coordinate Complex Exp/Log Surface ............................................................................... 413 



A New Coordinate System for Complex Numbers 11 

greg ehmka, 2013 
 

11.3  The Imaginary Logarithmic Surface ......................................................................................................... 419 

11.4  More Exponential/Logarithmic  Surfaces ................................................................................................ 422 

12.0  4Dii:  Surfaces ............................................................................................................................................... 427 

12.1  Surfacing a Function ................................................................................................................................ 427 

12.11  Inverse Functions.............................................................................................................................. 429 

12.2  Closed Surfaces ....................................................................................................................................... 431 

12.21  The Sphere Surface Function ............................................................................................................ 431 

12.22  The Cube Surface Function ............................................................................................................... 434 

12.23  Lozenges, Barrels and Pointed Cylinders .......................................................................................... 436 

12.3  Open Surfaces ......................................................................................................................................... 442 

12.31  Constant, Exponential and Polynomial Surfaces .............................................................................. 442 

12.4  Complex Regional Input .......................................................................................................................... 447 

12.41  Cornu Spiral/Fresnel Surface ............................................................................................................ 448 

13.0  4Dii:  Object-Wave  Duality Surfaces ............................................................................................................ 451 

13.1  Observable and Embedded Dimensions ................................................................................................. 451 

13.2  Objects and Their Associated Waves ...................................................................................................... 452 

13.21  The Sphere Surface ........................................................................................................................... 452 

13.22  The Reciprocal Sphere Surface ......................................................................................................... 455 

13.23  The Exp/Natural Log Surface ............................................................................................................ 457 

13.24  Polynomial Surface ........................................................................................................................... 461 

13.25  Cardioid Surface ............................................................................................................................... 463 

13.3  Helicoids .................................................................................................................................................. 465 

13.31  Inner, Outer and Variable  Amplitude .............................................................................................. 465 

13.32  Geometric Helicoids ......................................................................................................................... 468 

моΦп  ! Ψ¢ǊŀƴǎǾŜǊǎŜ ²ŀǾŜΩ {ǳǊŦŀŎŜ ................................................................................................................... 471 

14.0  5Dii:  Circular Surface Functions ................................................................................................................... 473 

14.1  Circular Helix ........................................................................................................................................... 473 

14.2  Circular Helicoid ...................................................................................................................................... 480 

14.3  Geometric Torus Surfaces ....................................................................................................................... 482 

мпΦп  /ƛǊŎǳƭŀǊ Ψ¢ǊŀƴǎǾŜǊǎŜ ²ŀǾŜΩ {ǳǊŦŀŎŜǎ ....................................................................................................... 484 

15.0  6Dii: Surfaces in Motion ............................................................................................................................... 486 

15.1  Objects in Polynomial Space Trajectories ............................................................................................... 486 

15.2  Objects in Orbits ...................................................................................................................................... 492 

15.21  A Two Dimensional Solar System ..................................................................................................... 492 

15.22  Bodily Rotation ................................................................................................................................. 496 

15.23  A Three Dimensional Solar System ................................................................................................... 497 

15.24  A Helical Solar System ...................................................................................................................... 498 

15.3  Circular Waves in Motion ........................................................................................................................ 500 

15.31  Spin Coefficient................................................................................................................................. 500 

15.32  Reciprocal Spin ................................................................................................................................. 504 

15.33  Standing Waves ................................................................................................................................ 506 

Concluding Personal Comments ............................................................................................................................ 508 

Index ..................................................................................................................................................................... 509 



A New Coordinate System for Complex Numbers 12 

greg ehmka, 2013 
 

  

  



A New Coordinate System for Complex Numbers 13 

greg ehmka, 2013 
 

Active List of Animations 
 

!ƴƛƳŀǘƛƻƴ м ΩwƻǘŀǘƛƴƎ 9ȄǇƻƴŜƴǘƛŀƭ DǊŀǇƘΩ ....................................................................... 22 

!ƴƛƳŀǘƛƻƴ н Ω{ǇŀŎŜ /ǳǊǾŜΩ ................................................................................................ 39 

Animatƛƻƴ о Ωо5ƛ /ƻƴƛŎΩ..................................................................................................... 45 

!ƴƛƳŀǘƛƻƴ п Ω/ƻƴƛŎ bƻƴƭƛƴŜŀǊƛǘȅΩ ...................................................................................... 48 

!ƴƛƳŀǘƛƻƴ р Ω.Ŝŀǘ IŜƭƛȄΩ ................................................................................................... 56 

Animatioƴ с Ω¢ǿƻ .ŀǎŜ IŜƭƛȄ ............................................................................................ 60 

!ƴƛƳŀǘƛƻƴ т ΩwŜŎƛǇǊƻŎŀƭ IŜƭƛȄŜǎΩ ...................................................................................... 67 

!ƴƛƳŀǘƛƻƴ у Ω¢ǊƛŎǳǎǇƻƛŘ IŜƭƛȄΩ .......................................................................................... 70 

!ƴƛƳŀǘƛƻƴ ф Ω!ǎǘǊƻƛŘ IŜƭƛȄΩ ............................................................................................... 71 

!ƴƛƳŀǘƛƻƴ мл ΩCŜǊƳŀǘϥǎ {ǇƛǊŀƭ IŜƭƛȄΩ ................................................................................. 97 

!ƴƛƳŀǘƛƻƴ мм Ω9ǉǳƛŀƴƎǳƭŀǊ {ǇƛǊŀƭ /ƻƳǇƭŜȄ .ŀǎŜ CƻǊƳΩ ................................................. 129 

!ƴƛƳŀǘƛƻƴ мн Ω9ǉǳƛŀƴƎǳƭŀǊ {ǇƛǊŀƭ bŜƎŀǘƛǾŜ .ŀǎŜ CƻǊƳΩ ................................................. 134 

!ƴƛƳŀǘƛƻƴ мо Ψ/ŀǊŘƛƻƛŘ IŜƭƛȄΩ ......................................................................................... 139 

!ƴƛƳŀǘƛƻƴ мп Ω/ƻǿōƻȅ Iŀǘ ǿƛǘƘ 5ŜǊƛǾŀǘƛǾŜǎΩ ................................................................. 155 

!ƴƛƳŀǘƛƻƴ мр Ω{ŜǊǇŜƴǘƛƴŜΣ ²ƛǘŎƘ ŀƴŘ /ƛǊŎƭŜΩ ................................................................. 160 

!ƴƛƳŀǘƛƻƴ мс ΩvǳŀŘǊŀǘƛŎ .ƛŦǳǊŎŀǘƛƻƴΩ ............................................................................. 172 

!ƴƛƳŀǘƛƻƴ мт Ψ{ŜƳƛŎǳōƛŎŀƭ tŀǊŀōƻƭŀΩ ............................................................................. 202 

!ƴƛƳŀǘƛƻƴ му ΩaƻǊŘŜƭƭ aƻǾƛƴƎ /ǳǎǇΩ ............................................................................. 203 

!ƴƛƳŀǘƛƻƴ мф Ω[ŀƳŜ /ǳǊǾŜ aƻǊǇƘƛƴƎΩ ............................................................................ 221 

!ƴƛƳŀǘƛƻƴ нл Ω/ǳōƛŎ tƻƭȅƴƻƳƛŀƭ .ƛŦǳǊŎŀǘƛƻƴΩ ................................................................. 225 

!ƴƛƳŀǘƛƻƴ нм Ω/ǳōƛŎ tƻƭȅƴƻƳƛŀƭ .ƛŦǳǊŎŀǘƛƻƴ нΩ .............................................................. 227 

!ƴƛƳŀǘƛƻƴ нн ΩvǳŀǊǘƛŎ tƻƭȅƴƻƳƛŀƭ .ƛŦǳǊŎŀǘƛƻƴΩ .............................................................. 231 

Animation 23 Polynomial NonlinearityΩ .......................................................................... 238 

!ƴƛƳŀǘƛƻƴ нп ΩtƻƭȅƴƻƳƛŀƭ ƛƴ {ǇŀŎŜ мǎǘ ŘŜƎǊŜŜΩ ............................................................. 239 

!ƴƛƳŀǘƛƻƴ нр ΩtƻƭȅƴƻƳƛŀƭ ƛƴ {ǇŀŎŜ  нƴŘ ŘŜƎǊŜŜΩ ........................................................... 240 

!ƴƛƳŀǘƛƻƴ нс ΩtƻƭȅƴƻƳƛŀƭ ƛƴ {ǇŀŎŜ  оǊŘ ŘŜƎǊŜŜΩ ............................................................ 240 

!ƴƛƳŀǘƛƻƴ нт ΩtƻƭȅƴƻƳƛŀƭ ƛƴ {ǇŀŎŜ  пǘƘ ŘŜƎǊŜŜΩ ............................................................ 243 

!ƴƛƳŀǘƛƻƴ ну Ω!ƴƛƳŀǘŜ /ƻƳǇƭŜȄ {ƭƻǇŜΩ ......................................................................... 248 

!ƴƛƳŀǘƛƻƴ нф Ω/ƻƳǇƭŜȄ {ƭƻǇŜ ŀƴŘ tƻƭȅƴƻƳƛŀƭ {ǇŀŎŜ ¢ǊŀƧŜŎǘƻǊȅΩ .................................. 263 

!ƴƛƳŀǘƛƻƴ ол ΨbŜƎŀǘƛǾŜ .ŀǎŜ {ǇƛǊŀƭ aƻǊǇƘƛƴƎΩ .............................................................. 288 

!ƴƛƳŀǘƛƻƴ ом ΨbŜƎŀǘƛǾŜ .ŀǎŜ {ǇƛǊŀƭ aƻǊǇƘƛƴƎ ǿƛǘƘ /ƻƴǎǘŀƴǘ tƛǘŎƘΩ ............................. 289 

!ƴƛƳŀǘƛƻƴ он Ψ/ƻƳǇƭŜȄ .ŀǎŜ {ǇƛǊŀƭ aƻǊǇƘƛƴƎΩ .............................................................. 290 

!ƴƛƳŀǘƛƻƴ оо Ψ/ƻƳǇƭŜȄ .ŀǎŜ {ǇƛǊŀƭ aƻǊǇƘƛƴƎ ǿƛǘƘ ±ŀǊƛŀōƭŜ tƛǘŎƘΩ ............................... 290 

!ƴƛƳŀǘƛƻƴ оп ΨŜ-ōŀǎŜ 9ȄǇƻƴŜƴǘƛŀƭ wƻǘŀǘƛƻƴΩ .................................................................. 296 

!ƴƛƳŀǘƛƻƴ ор Ψƛ-ōŀǎŜ 9ȄǇƻƴŜƴǘƛŀƭ wƻǘŀǘƛƻƴΩ ................................................................... 297 



A New Coordinate System for Complex Numbers 14 

greg ehmka, 2013 
 

!ƴƛƳŀǘƛƻƴ ос Ψ9ƭƭƛǇǘƛŎ {ǇƛǊŀƭΩ ........................................................................................... 301 

!ƴƛƳŀǘƛƻƴ от Ψ!ƛǊȅ ¢ȅǇŜ IŜƭƛȄΩ ........................................................................................ 318 

!ƴƛƳŀǘƛƻƴ оу ΨнƴŘ 5ŜƎǊŜŜ bƻƴƭƛƴŜŀǊ !ƛǊȅ ¢ȅǇŜ IŜƭƛȄ wƻƻǘǎΩ ......................................... 319 

!ƴƛƳŀǘƛƻƴ оф ΨоǊŘ 5ŜƎǊŜŜ bƻƴƭƛƴŜŀǊ !ƛǊȅ ¢ȅǇŜ IŜƭƛȄ wƻƻǘǎΩ ......................................... 320 

!ƴƛƳŀǘƛƻƴ пл Ω.ŀǎŜ ŀƴŘ нƴŘ [ŜǾŜƭ 9ȄǇƻƴŜƴǘ ±ŀǊƛŀōƭŜΩ .................................................. 346 

!ƴƛƳŀǘƛƻƴ пм ΨwƻǘŀǘƛƴƎ /ŀǎǘƭŜ ¢ƻǿŜǊ IŜƭƛȄΩ ................................................................... 347 

!ƴƛƳŀǘƛƻƴ пн Ω!ƛǊȅ ¢ȅǇŜ ƘŜƭƛȄΩ ........................................................................................ 349 

!ƴƛƳŀǘƛƻƴ по Ω/ƻǊƴǳŎƻǇƛŀ IŜƭƛȄ CǳƴŎǘƛƻƴǎΩ.................................................................... 364 

!ƴƛƳŀǘƛƻƴ пп Ψ¢ǿƻ 5ƛƳŜƴǎƛƻƴŀƭ wŀŘƛŀǘŜŘ ²ŀǾŜΩ .......................................................... 368 

!ƴƛƳŀǘƛƻƴ пр ΩпǘƘ [ŜǾŜƭ 9ȄǇƻƴŜƴǘ IŜƭƛȄΩ ........................................................................ 369 

!ƴƛƳŀǘƛƻƴ пс ΩIŜƭƛȄ !ƴǘƛŘŜǊƛǾŀǘƛǾŜΩ ................................................................................ 376 

!ƴƛƳŀǘƛƻƴ пт Ω/ƻǊǊŜǎǇƻƴŘƛƴƎ IŜƭƛȄ 5ŜǊƛǾŀǘƛǾŜΩ ............................................................. 377 

!ƴƛƳŀǘƛƻƴ пу Ωп5ƛ CǳƴŎǘƛƻƴ aƻǊǇƘƛƴƎ /ƻƴŎŜǇǘΩ ............................................................ 380 

!ƴƛƳŀǘƛƻƴ пф ΨtƻƭȅƴƻƳƛŀƭ aƻǊǇƘƛƴƎ CǳƴŎǘƛƻƴΩ .............................................................. 382 

!ƴƛƳŀǘƛƻƴ рл ΨtƻƭȅƴƻƳƛŀƭ aƻǊǇƘƛƴƎ CǳƴŎǘƛƻƴ нΩ ........................................................... 383 

!ƴƛƳŀǘƛƻƴ рм Ψ9ȄǇƻƴŜƴǘƛŀƭ aƻǊǇƘƛƴƎΩ ............................................................................ 386 

!ƴƛƳŀǘƛƻƴ рн ΨtŜǊƛƻŘƛŎ 9ȄǇƻƴŜƴǘƛŀƭ aƻǊǇƘƛƴƎΩ.............................................................. 387 

!ƴƛƳŀǘƛƻƴ ро ΨtŀǊŀōƻƭƛŎ aƻǊǇƘƛƴƎΩ ................................................................................ 388 

!ƴƛƳŀǘƛƻƴ рп Ψ[ƛǎǎŀƧƻǳǎ aƻǊǇƘƛƴƎ н5Ω ........................................................................... 389 

!ƴƛƳŀǘƛƻƴ рр Ψ[ƛǎǎŀƧƻǳǎ aƻǊǇƘƛƴƎ о5ƛΩ .......................................................................... 391 

!ƴƛƳŀǘƛƻƴ рс Ψ{ŜŎƻƴŘ 5ŜǊƛǾŀǘƛǾŜ aƻǊǇƘƛƴƎ н5Ω ............................................................ 392 

!ƴƛƳŀǘƛƻƴ рт Ψ{ŜŎƻƴŘ 5ŜǊƛǾŀǘƛǾŜ aƻǊǇƘƛƴƎ о5ƛΩ ........................................................... 393 

!ƴƛƳŀǘƛƻƴ ру ΨaƻǊǇƘƛƴƎ {ƪŜǿŜŘ {ǇƛǊŀƭǎ н5Ω ................................................................. 396 

!ƴƛƳŀǘƛƻƴ рф ΨaƻǊǇƘƛƴƎ {ƪŜǿŜŘ {ǇƛǊŀƭǎ о5ƛΩ ................................................................ 396 

!ƴƛƳŀǘƛƻƴ сл Ψ{ƛƳǇƭŜ tŜǊƛƻŘƛŎ wƻǘŀǘƛƻƴ /ƻŜŦŦƛŎƛŜƴǘΩ ..................................................... 397 

!ƴƛƳŀǘƛƻƴ см Ψ{ƛƳǇƭŜ tŜǊƛƻŘƛŎ wƻǘŀǘƛƻƴ /ƻŜŦŦƛŎƛŜƴǘ нΩ .................................................. 399 

!ƴƛƳŀǘƛƻƴ сн Ψ{ƛƳǇƭŜ tŜǊƛƻŘƛŎ wƻǘŀǘƛƻƴ /ƻŜŦŦƛŎƛŜƴǘ ǿƛǘƘ ŀ /ƻƴǎǘŀƴǘ ............................ 399 

!ƴƛƳŀǘƛƻƴ со Ψ9ǉǳƛŀƴƎǳƭŀǊ {ǇƛǊŀƭ ǿƛǘƘ /ŀǊŘƛƻƛŘ hǊōƛǘǎ н5Ω ............................................ 404 

!ƴƛƳŀǘƛƻƴ сп Ψ9ǉǳƛŀƴƎǳƭŀǊ {ǇƛǊŀƭ ǿƛǘƘ /ŀǊŘƛƻƛŘ hǊōƛǘǎ о5ƛΩ ........................................... 405 

!ƴƛƳŀǘƛƻƴ ср ΨIŜƭƛȄ aƻǊǇƘƛƴƎΩ ....................................................................................... 407 

!ƴƛƳŀǘƛƻƴ сс Ψƛ-ōŀǎŜ 9ȄǇƻƴŜƴǘƛŀƭ wƻǘŀǘƛƻƴΩ ................................................................... 419 

!ƴƛƳŀǘƛƻƴ ст ΨaƻǊǇƘƛƴƎ ŀƴŘ wƻǘŀǘƛƴƎ ŀƴ 9ȄǇƻƴŜƴǘƛŀƭΩ ................................................. 427 

!ƴƛƳŀǘƛƻƴ су Ψ¢ǊƛŀƴƎǳƭŀǊ [ƻȊŜƴƎŜΩ ................................................................................. 437 

!ƴƛƳŀǘƛƻƴ сф Ψ{ǉǳŀǊŜ wƻǘŀǘƛƴƎ 9ȄǇƻƴŜƴǘƛŀƭΩ .................................................................. 444 

!ƴƛƳŀǘƛƻƴ тл Ψ/ŀǊŘƛƻƛŘ [ƛƳŀŎƻƴ /ǳōƛŎ {ǳǊŦŀŎŜΩ ............................................................. 445 

!ƴƛƳŀǘƛƻƴ тм Ψ{ŜǾŜƴ [ƻƻǇ 9ȄǇƻƴŜƴǘƛŀƭ /ǳōƛŎ {ǳǊŦŀŎŜΩ .................................................. 446 

!ƴƛƳŀǘƛƻƴ тн Ψ{ƛƳǇƭŜ /ƻƳǇƭŜȄ !ǊŜŀΩ ............................................................................. 447 

!ƴƛƳŀǘƛƻƴ то Ψ/ƛǊŎǳƭŀǊ IŜƭƛȄ ¢ƻǊǳǎ ±ŀǊƛŀǘƛƻƴǎΩ ............................................................... 478 



A New Coordinate System for Complex Numbers 15 

greg ehmka, 2013 
 

!ƴƛƳŀǘƛƻƴ тп Ψ/ƛǊŎǳƭŀǊ IŜƭƛȄ {ƘŀǇŜǎΩ .............................................................................. 479 

!ƴƛƳŀǘƛƻƴ тр Ψ¢ǊƛŀƴƎǳƭŀǊ [ƻȊŜƴƎŜ ƛƴ {ǇŀŎŜ ¢ǊŀƧŜŎǘƻǊȅ ¢ǊŀǾŜƭΩ ...................................... 490 

!ƴƛƳŀǘƛƻƴ тс Ψ¢ǊƛŀƴƎǳƭŀǊ [ƻȊŜƴƎŜ ƛƴ {ǇŀŎŜ ¢ǊŀƧŜŎǘƻǊȅ ¢ǊŀǾŜƭ нΩ ................................... 492 

!ƴƛƳŀǘƛƻƴ тт Ψн5 {ƻƭŀǊ {ȅǎǘŜƳΩ ...................................................................................... 495 

!ƴƛƳŀǘƛƻƴ ту Ψн5 {ƻƭŀǊ {ȅǎǘŜƳ нΩ ................................................................................... 496 

!ƴƛƳŀǘƛƻƴ тф ΨhǊōƛǘǎ ŀƴŘ .ƻŘƛƭȅ wƻǘŀǘƛƻƴǎΩ ................................................................... 497 

!ƴƛƳŀǘƛƻƴ ул Ψо5 {ƻƭŀǊ {ȅǎǘŜƳΩ ...................................................................................... 498 

!ƴƛƳŀǘƛƻƴ ум ΨIŜƭƛŎŀƭ {ƻƭŀǊ ǎȅǎǘŜƳΩ ............................................................................... 499 

!ƴƛƳŀǘƛƻƴ ун ΨwƻǘŀǘƛƴƎ /ƛǊŎǳƭŀǊ IŜƭƛŎƻƛŘΩ ....................................................................... 501 

!ƴƛƳŀǘƛƻƴ уо ΨwƻǘŀǘƛƴƎ ¢ǊŀƴǎǾŜǊǎŜ ²ŀǾŜΩ ..................................................................... 502 

!ƴƛƳŀǘƛƻƴ уп ΨwŜŎƛǇǊƻŎŀƭ wƻǘŀǘƛƴƎ /ƛǊŎǳƭŀǊ IŜƭƛŎƻƛŘΩ ..................................................... 504 

!ƴƛƳŀǘƛƻƴ ур ΨwŜŎƛǇǊƻŎŀƭ wƻǘŀǘƛƴƎ ¢ǊŀƴǎǾŜǊǎŜ ²ŀǾŜΩ ................................................... 505 

Animation 86 Ψ/ƛǊŎǳƭŀǊ ¢ǊŀƴǎǾŜǊǎŜ {ǘŀƴŘƛƴƎ ²ŀǾŜΩ ....................................................... 506 

Animation 87 Ψ/ƛǊŎǳƭŀǊ IŜƭƛŎƻƛŘ {ǘŀƴŘƛƴƎ ²ŀǾŜΩ ............................................................ 507 

 

 

 

 

 

  



A New Coordinate System for Complex Numbers 16 

greg ehmka, 2013 
 

1.0 Imaginary Numbers and Human Experience  
 

Generally speaking imaginary numbers are often thought to be, at worst, an annoyance, at 

times, a reluctant necessity and, at best, strange but of undeniable usefulness.  At the same 

time there is a striving to know just what exactly an imaginary number is.  A short survey of 

various on-line forums shows interesting discussions wherein one writer typically asks about an 

intuitive understanding of the imaginary unit,  i, and other writers attempt an answer.  For 

example, here, or here.  Or if the forum is somewhat more science oriented, the discussion 

centers around visual/physical representations of imaginary numbers.  For example, here. 

The source of these types of discussions stems from the wide agreement as to the algebraic 

definition of the imaginary unit i and the perceived, by some, insufficiency as to the geometric 

definition of i. 

 

The algebraic understanding is, of course, this definition: 

Ὥ Ѝ ρ 

 

along with comments such as this one from Leibniz and similar others: 

 

"From the irrationals are born the impossible or imaginary quantities whose nature is very 

strange but whose usefulness is not to be despised."[*]  

The current geometric understanding of i is as units along the vertical axis of the complex plane 

along with the intuitive sense of a rotation.  These are described by the Argand Diagram [*]   [**]  

ŀƴŘ ŜȄǘŜƴŘŜŘ Ǿƛŀ ŎƻƳǇƭŜȄ ƴǳƳōŜǊǎ ǘƻ ŀ ŎƛǊŎƭŜ ōȅ 9ǳƭŜǊΩǎ ŦƻǊƳǳƭŀΥ 

 

Ὡ ÃÏÓ— ὭÓÉÎ—  

 

about which there is a similar duality as to wide agreement on the algebraic meaning and an 

insufficient understanding as to the geometric meaning.  This duality is typified by comments 

such as this one by Benjamin Pierce: 

άGentlemen, that is surely true, it is absolutely paradoxical; we cannot understand it,               

and we don't know what it means. But we have proved it,                                                               

and therefore we know it must be the truth.έ 

 

and more recently this one by Scott E. Brodie[*] : 

http://math.stackexchange.com/questions/199676/what-are-imaginary-numbers
http://uk.answers.yahoo.com/question/index?qid=20121229090312AAbhgOu
http://www.scienceforums.net/topic/72145-questions-about-visualphysical-representations-of-imaginary-numbers/
http://books.google.co.id/books?id=PvfpyjM0PBYC&pg=PA145&lpg=PA145&dq=Leibniz:+%22From+the+irrationals+are+born+the+impossible+or+imaginary+quantities+whose+nature+is+very+strange+but+whose+usefulness+is+not+to+be+despised.%22&source=bl&ots=e6yQvXUoX5&sig=
http://mathworld.wolfram.com/ArgandDiagram.html
http://en.wikipedia.org/wiki/Complex_plane
http://www.cut-the-knot.org/arithmetic/algebra/Scott.shtml
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ά!ƴ ƛƴǘǳƛǘƛǾŜ ǳƴŘŜǊǎǘŀƴŘƛƴƎ ƻŦ 9ǳƭŜǊϥǎ ŦƻǊƳǳƭŀ ŦƻǊ ǘƘŜ ŎƻƳǇƭŜȄ ŜȄǇƻƴŜƴǘƛŀƭΣ 

remains elusive, notwithstanding hundreds of years of contemplŀǘƛƻƴΦέ 

 

3Di coordinates offers a significant, and as will be seen, a very satisfying advance in the 

geometric understanding of imaginary and complex numbers.  One that implies a direct 

connection to human experience.   As suggested in the introduction to this article, imaginary 

numbers can now be seen to have these two additional definitions: 

Lƴ ǘƘǊŜŜ ŘƛƳŜƴǎƛƻƴǎΣ ƛƳŀƎƛƴŀǊȅ ƴǳƳōŜǊǎ ŀǊŜ ƳŜŀǎǳǊŜƳŜƴǘǎ ƛƴ ǘƘŜ ΨŘŜǇǘƘΩ ŘƛǊŜŎǘƛƻƴΦ  Real 

numbers are measurements on the horizontal and vertical directions. Mathematically, depth is 

imaginary. 

In three dimensions think of an i rotation as going from the horizontal or vertical to the front 

rather than from the horizontal to the vertical as in the two dimensional complex plane. 

In order to establish this direct connection to human experience it is useful to note that 

imaginary and complex numbers have historically not been seen to have a direct connection to 

human experience.  The philosophical concerns relative to imaginary numbers no longer 

generate much discussion but the direct connection to human experience is still insufficient. 

¢Ƙƛǎ ƛǎ ǎŜŜƴ ƛƴ [ŜƛōƴƛȊΩǎ ŀōƻǾŜ ǉǳƻǘŜ ŀƴŘ ƛƴ ǘƘŜǎŜ ǘǿƻ ŎƻƳƳŜƴǘǎ ōȅ bƻōŜƭ [ŀǳǊŜŀǘŜ 9ǳƎŜƴŜ 

Wigner: 

 The complex numbers provide a particularly striking example for the foregoing. Certainly, 

nothing in our experience suggests the introduction of these quantities.  [*]  

Surely to the unpreoccupied mind, complex numbers are far from natural or simple and they 

cannot be suggested by physical observations. [*]  

 3Di coordinates seeks to establish this direct connection to human experience beginning with 

some simple visualizations: 

As we sǘŀƴŘ ŀƴŘ ǇŜŜǊ ƻǳǘ ŀǘ ƭƛŦŜ ǿŜ άƪƴƻǿέ ǘƘŀǘ ǿŜ άǎŜŜέ ŀ ǘƘǊŜŜ ŘƛƳŜƴǎƛƻƴŀƭ ǊŜŀƭƛǘȅΦ  But, if 

we are rigorous about what we are actually seeing ǘƘŜƴ ǿŜ ŘƻƴΩǘ ŀŎǘǳŀƭƭȅ ǎŜŜ ŀƴȅǘƘƛƴƎ ŜȄŎŜǇǘ ŀ 

two dimensional visual screen with an ever so slight sense of depth due to binocular vision. 

People who have only one eye functioning are acutely aware of the predominance of this two 

dimensional screen. 

http://www.dartmouth.edu/~matc/MathDrama/reading/Wigner.html
http://www.dartmouth.edu/~matc/MathDrama/reading/Wigner.html
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CƻǊ ŜȄŀƳǇƭŜΣ ƛŦ ȅƻǳ ǿŀƭƪ Řƻǿƴ ǘƘŜ ǎǘǊŜŜǘ ŀƴŘ ǎǘŀƴŘ ǎǉǳŀǊŜƭȅ ƛƴ ŦǊƻƴǘ ƻŦ ŀ ōǳƛƭŘƛƴƎ ȅƻǳ ŘƻƴΩǘ 

actually see anything other than the front of the building.  What we refer to as the facade  is a 

two-dimensional view which is even more pronounced if you close one eye. 

LŦ ǿŜ ŘƻƴΩǘ ƳƻǾŜΣ ŀƴŘ ǘƘŜǊŜŦƻǊŜΣ ŎƻƴǘƛƴǳŜ ƭƻƻƪƛƴƎ ƻƴƭȅ ŀǘ ǘƘŜ ŦǊƻƴǘ ƻŦ ǘƘŜ ōǳƛƭŘƛƴƎ ǘƘǊƻǳƎƘ ƻƴŜ 

eye, we can draw a two-ŘƛƳŜƴǎƛƻƴŀƭ ŎƻƻǊŘƛƴŀǘŜ ǎȅǎǘŜƳ ƛƴ ƻǳǊ ƳƛƴŘΩǎ ŜȅŜ ǳǇƻƴ ǿƘƛŎƘ ǘƘŜ ŦǊƻƴǘ 

of the building could be sketched.  Designers and architects do this all the time. They are 

sketching what one would actually see. 

Mathematically, the exact point at which the eye would look, without moving, would be the 

origin.  And, we could draw a horizontal x-axis and a vertical y-axis from that origin point. 

Now, if you happened to have had your eyes closed while someone else guided you to this 

exact position, standing squarely in fǊƻƴǘ ƻŦ ǘƘŜ ōǳƛƭŘƛƴƎΣ ǘƘŜƴ Ƙƻǿ ǿƻǳƭŘ ȅƻǳ άƪƴƻǿέ ǘƘŀǘ ȅƻǳ 

were looking at a whole building, rather than just the backdrop of a theater set or just the 

facade of a Hollywood set? 

The answer, depending on how well the film or theater set was constructed, is that you would 

NOT know.  ¢ƘŜ άǊŜǎǘέ ƻŦ ǘƘŜ ōǳƛƭŘƛƴƎΣ ƻǊ ǿƘŀǘŜǾŜǊ ƛǎ ōŜƘƛƴŘ ǘƘŜ ǎŜǘΣ ǿƻǳƭŘ ƘŀǾŜ ǘƻ ōŜ 

imagined. 

In another example, a friend once told me of an acquaintance of his who only had one eye and 

who liked to play tennis.  As the story goes the one-eyed tennis player had to train himself to 

observe the growing size of the tennis ball as it moved toward him to know the proper distance 

at which he should hit the ball for the return. 

An even more striking example of this can be found in flight training for pilots.  If a pilot is flying 

under VFR (visual flight rules as opposed to IFR, instrument flight rules), as another aircraft is 

observed, it is critical to determine whether or not there is a relative motion between the two 

aircraft.  Here is one quote of the principle that can be found in many places: 

if another aircraft appears to have no relative motion, but is increasing in size, it is likely to be 

on a collision course with you [*]  

 Quite likely some interesting thought experiments may be conducted as to under what 

conditions it is possible to know whether or not a tennis ball is of constant size and approaching 

or at a constant distance and growing in size! 

²Ŝ Ŏŀƴ ŀƭǎƻ ŀǎƪ ƻǳǊǎŜƭǾŜǎΤ ά²Ƙŀǘ ƛǎ ǘƘŜ nature of the distance that appears to be unobservable 

ǘƻ ǘƘŜ Ǉƛƭƻǘ ōŜǘǿŜŜƴ ǘƘŜ ǘǿƻ ŀƛǊŎǊŀŦǘ ǘƘŀǘ ŀǊŜ ƻƴ ŀ Ŏƻƭƭƛǎƛƻƴ ŎƻǳǊǎŜΚέ  Extending this inquiry just 

https://www.faasafety.gov/files/notices/2013/Jun/FAA_collision_avoidance_info.pdf
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ŀ ōƛǘ ŦǳǊǘƘŜǊΤ άIƻǿ ŘƻŜǎ ǘƘŜ ƛƴǘǊƻŘǳŎǘƛƻƴ ƻŦ ǊŀŘŀǊ ƻǊ ŀ laser beam, which can and does 

determine the distance precisely, differ in terms of measurement from the type of 

measurement possible in the horizontal and vertical directions which, traditionally, uses 

"measuring sticks"?   At the very least, a radar or laser beam requires time and a measuring 

stick does not. 

¢ǊŀƴǎŦŜǊǊƛƴƎ ǘƘƛǎ ƎŜƴŜǊŀƭ ƛƴǉǳƛǊȅ ŘƛǊŜŎǘƭȅ ǘƻ ƳŀǘƘŜƳŀǘƛŎǎ ǿŜ ƳƛƎƘǘ ŀǎƪΤ ά5ƻŜǎ ǘƘŜ ǊŜŀƭ x, y plane 

assume a one-eyed view? Can the common human experience of binocular vision, or in certain 

cases the absence of it, be suggestive of imaginary distance? 

LŦ ƛǘΩǎ ǘǊǳŜ ǘƘŀǘ ǿŜ Ƴǳǎǘ ƛƳŀƎƛƴŜ ǿƘŀǘ ƎƻŜǎ ƻƴ ōŜƘƛƴŘ ŀ ōǳƛƭŘƛƴƎΩǎ ŦŀŎŀŘŜ ƛƴ ǘƘŜ z or depth 

direction of perspective or imagine the distance to an object, moving or not, that is directly in 

front of us then possibly imaginary numbers can be combined with the real plane to form a new 

three-dimensional coordinate system more closely representative of what we actually observe. 

In other words; To the degree that mathematics assists us in understanding what we perceive 

as we look out at life, we must acknowledge the fact that what we perceive includes both seen 

and imagined components. Consequently both real and imaginary values must be included in 

the mathematical representation of it. 

As a final example, special relativity theory with its concept of length contraction in the 

direction of travel or parallel to it [*]   also is suggestive of a different quality to the third or 

depth dimension. 

Although quite interesting in and of itself, how much of the foregoing discussion is factual or 

truthful is not what we wish to determine here.   The introduction of 3Di coordinates only takes 

the very small step of declaring that the third or depth dimension is sufficiently different from 

the horizontal and vertical directions to warrant a slightly different mathematical treatment. 

 And that slightly different treatment is only to define the third dimension as being imaginary 

analogous to the y-axis being defined imaginary in the complex plane. 

As it turns out this small step of defining the third dimension as imaginary brings wonderful 

new results. 

 

  

http://en.wikipedia.org/wiki/Length_contraction
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1.1 General Characteristics 

 

The Three Dimensional Coordinate System for Complex Numbers iǎ ŎŀƭƭŜŘ Ψо5ƛΩ ǿƘƛŎƘ ƛǎ an 

ŀŎǊƻƴȅƳ ŦƻǊ Ψ¢ƘƛǊŘ 5ƛƳŜƴǎƛƻƴ LƳŀƎƛƴŀǊȅΩ and is based on the following definitions and 

characteristics: 

 

1) In three dimensions, imaginary numbers ŀǊŜ ƳŜŀǎǳǊŜƳŜƴǘǎ ƛƴ ǘƘŜ ΨŘŜǇǘƘΩ ŘƛǊŜŎǘƛƻƴΦ  

Real numbers are measurements in the horizontal and vertical directions. 

Mathematically, depth is imaginary. 

2) In three dimensions think of an Ὥ rotation as going from the horizontal or vertical to 

the front, rather than from the horizontal to the vertical. 

3) A ΨŘƛƳŜƴǎƛƻƴŀƭ ŀǇǇǊƻŀŎƘΩ is taken to functions.  Meaning, functions are categorized 

ōȅ ǘƘŜ ƴǳƳōŜǊ ƻŦ ŘƛƳŜƴǎƛƻƴǎ ǘƘŜ ǇŀǊǘƛŎǳƭŀǊ ŦǳƴŎǘƛƻƴ ƘŀǎΦ  .ȅ ΨŘƛƳŜƴǎƛƻƴΩ ǿƘŀǘ ƛǎ 

meant is essentially a variable.   

4) One of the primary points of view is that imaginary dimensions are as equally 

important, and as equally present, as real dimensions. 

5) The primary purpose of the e-book is to present a wonderful array of the many new 

ŦǳƴŎǘƛƻƴǎ ƳŀŘŜ ǇƻǎǎƛōƭŜ ōȅ Ψо5ƛΩ and to graph these functions. 

 

To make it a little clearer, with this model we could say that the usual real plane might be 

ŘŜǎƛƎƴŀǘŜŘ ŀǎ Ψн5,Ω tƘŜ ŎƻƳǇƭŜȄ ǇƭŀƴŜ ŀǎ Ψн5ƛΣΩ the usual real space as 3D,and this system as 

3Di.      
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1.2 Associated Dimensions and Functions 

 

Functions may be categorized by the number of dimensions i.e. variables.  For this 

categorization, the presence and number of iΩǎ ƛƴ ǘƘŜ ŘŜǎƛƎƴŀǘƛƻƴ ŘŜƴƻǘŜǎ ǘƘŜ ƴǳƳōŜǊ ƻŦ 

imaginary dimensions or imaginary variables.  Continuing from 2D, 2Di, 3D, 3Di we may have for 

example, 4Di, 4Dii, 5Dii, 6Diii and so on. 

 

The functions that are graphed, therefore, associate the number of variables - including both 

input and output - to the number of dimensions and give rise to the following useful 

categorization of types of functions: 

 

3Di ώ ὭᾀὪὼ    helixes, polynomials, conics, elliptic and    

      hyperelliptic curves 

  

4Di ώ ὭᾀὪὼȟὸ   function morphing 

 

4Dii ώ ὭᾀὪὼȟὭὸ   helix morphing 

 

 4Dii ώ ὭᾀὪὼ Ὥ—   complex natural logs  

 

 4Dii ώ ὭὼὪ— Ὥᾀ   complex imaginary logs  

 

 4Dii ώ ὭᾀὪό Ὥὺ   closed and open surfaces   

 

 5Dii 

ὼ Ὢό Ὥὺ

ώ Ὣό Ὥὺ

ὭᾀὬό Ὥὺ

   circular surfaces 

 

 6Dii 

ὼ Ὢό Ὥὺȟὸ

ώ Ὣό Ὥὺȟὸ

ὭᾀὬό Ὥὺȟὸ

   closed surface objects in motion 

 

With five and six variables, ὼ  becomes exclusively an output variable, whereas, in lower 

dimensions it is usually both an input and an output dimension. 
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1.3 Example in 4Dii 

 

As can be seen in the Table of Contents, this eBook organizes all of the many and varied 

functions by their number of variables consistent with the table above.  Here is an example of 

4Dii which generates a new interpretation of the exponential/natural log functions: 

 

ώ ὭᾀὩ q 

ÌÎ ώ Ὥᾀ ὼ Ὥq 

 

In 4Dii these form a simple geometry of a rotation of the usual exponential graph. This way it 

can be sŜŜƴ ǘƘŀǘ ǘƘŜ ΨƛƴŦƛƴƛǘŜ ōǊŀƴŎƘŜǎΩ of the log function, which show up in two or three 

dimensions, can be interpreted geometrically as rotations of the three-dimensional exponential 

graph, with Ὥ— specifying the amount of rotation. In this way, the multi-valued nature of the 

natural log function is simply the state of rotation of the three-dimensional exponential graph. 

 

3Di coordinates allow the complex exponential function and its inverse, the complex natural 

logarithmic function, to be displayed as a  four-dimensional function with a wonderful 

geometric interpretation.   

 

 
Animation 1 ΩwƻǘŀǘƛƴƎ 9xponential GraphΩ  

http://youtu.be/cX6xsBa944I
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Any point on the graph, at any state of rotation, is uniquely specified by the four coordinates 

ὼȟώȟὭᾀȟὭ— as follows: 

 

   ὼ is the real horizontal axis coordinate. 

   ώ is the real vertical axis coordinate. 

   Ὥᾀ is the imaginary depth axis coordinate. 

   Ὥ— is the imaginary rotation of the exponential graph. 

 

This interpretation also shows why the natural log of zero, or of ώȟὭᾀ πȟπὭ, is not possible 

since any point with these coordinates is not on the graph.  Either ώ έὶ Ὥᾀ may be zero, but not 

both.   

 

!ŘŘƛǘƛƻƴŀƭƭȅΣ ŎƘŀƴƎƛƴƎ ǘƘŜ ƛƴǇǳǘ ŦǊƻƳ ΨƭƛƴŜ-ŀƴƎƭŜ ƛƴǇǳǘΩ, ὼ Ὥ—ȟ ǘƻ ΨŎƻƳǇƭŜȄ ǊŜƎƛƻƴŀƭ ƛƴǇǳǘΩ, 

ό Ὥὺȡ  

 

ώ ὭᾀὩ  

ÌÎ ώ Ὥᾀ ό Ὥὺ 

 

 

forms a surface by, graphing a complete revolution at once where any point on the surface is 

specified by the four coordinates: 
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See section 11.23  The Four Coordinate Complex Exp/Log Surface 
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As the eBook progresses, moving from one category of functions to the next, when the number 

of dimensions/variables becomes greater than four (which may be thought of as the four 

observable dimensions), we can formulate a notion of embedded dimensions that play more of 

a parametric role.   

 

For example, in 6Dii: 

 

6Dii 

ὼ Ὢό Ὥὺȟὸ

ώ Ὣό Ὥὺȟὸ

ὭᾀὬό Ὥὺȟὸ

 

 

there would be the usual three spatial dimensions,  ὼȟώȟὭᾀ plus the usual motion or animation 

dimension indicated by ΨǘΦΩ  These four would be the observable dimensions.  And then two 

more dimension indicated by, in this case, ό Ὥὺ which would be the embedded dimensions 

playing a parametric role. 

 

The point in this modeling, again, is that dimensions would be characterized by the number of 

variables, rather than by any intrinsic properties of a space or an object.  See 13.1  Observable 

and Embedded Dimensions for more discussion. 
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2.0  3Di Means: ά¢ƘƛǊŘ 5ƛƳŜƴǎƛƻƴ LƳŀƎƛƴŀǊȅέ 
 

2.1  Constructing the Coordinate System 

 

!ǎ ǿŜ ƭƻƻƪ ŀǘ ǘƘŜ ōǳƛƭŘƛƴƎΩǎ ŦŀœŀŘŜ ǿƛǘƘ ƻǳǊ ŜȅŜ ƻƴ ǘƘŜ ƻǊƛƎƛƴ, we can make what we see 

correspond to the real plane. Accordingly, we could then specify functions on this real plane of 

the type: 

 

ώ Ὢὼ 

 

The horizontal axis takes on the values of ὼ, and the vertical axis takes on the values of ώȢ  And, 

in accordance with engineering design (as well as everyday usage), we will Ŏŀƭƭ ǘƘƛǎ ǘƘŜ ΨŦǊƻƴǘ 

ǾƛŜǿΦΩ  Further, since it is a real  ǇƭŀƴŜ ǿŜ ǿƛƭƭ Ŏŀƭƭ ƛǘ ǘƘŜ ΨŦǊƻƴǘ ǊŜŀƭ ǇƭŀƴŜΩ ƻǊ FRP.   In this 

modeling we can designate it as 2D.  

 

BehƛƴŘ ǘƘŜ ōǳƛƭŘƛƴƎΩǎ ŦŀœŀŘŜ ƛǎΣ ƻŦ course, the third-dimension, and we give that dimension the 

variable ᾀ - as the depth axis.  We can designate this as 3D. 

 

So, we have thus far: 

 

ὼ ὸὬὩ ὬέὶὭᾀέὲὸὥὰ ὥὼὭί 

ώ ὸὬὩ ὺὩὶὸὭὧὥὰ ὥὼὭί 

ᾀ ὸὬὩ ὨὩὴὸὬ ὥὼὭί 

 

This is different than that which is used in some other applications, particularly surfaces, where 

ᾀ is often used for the vertical direction. 

 

aŀǘƘŜƳŀǘƛŎŀƭƭȅΣ ǘƘŜ ǇǊƻōƭŜƳ ƛǎ Ƙƻǿ ǘƻ ǎǇŜŎƛŦȅ ŦǳƴŎǘƛƻƴǎ ƎƻƛƴƎ ƻƴ άōŜƘƛƴŘ ǘƘŜ ŦŀœŀŘŜέ ǎƛƴŎŜ ǿŜ 

cannot see ǘƘŜƳΦ  /ƻƴǾŜƴƛŜƴǘƭȅΣ ƳŀǘƘŜƳŀǘƛŎǎ Ƙŀǎ ŀƴƻǘƘŜǊ ǘƻƻƭ ŎŀƭƭŜŘ ǘƘŜ άŎƻƳǇƭŜȄ ǇƭŀƴŜέ 

which uses imaginary numbers.   

 

This plane uses the following: 

 

ὼ ὸὬὩ ὬέὶὭᾀέὲὸὥὰ ὥὼὭί 

ὭώὸὬὩ ὺὩὶὸὭὧὥὰ ὥὼὭί 
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This plane is usually called ὅ, but we will designate it as 2Di.  Here is a clue:   

 

LŦ ƛǘΩǎ ǘǊǳŜ ǘƘŀǘ ǿŜ Ƴǳǎǘ ƛƳŀƎƛƴŜ ǿƘŀǘ ƎƻŜǎ ƻƴ ōŜƘƛƴŘ ǘƘŜ ŦŀœŀŘŜ ƛƴ ǘƘŜ ᾀ or depth direction of 

perspective, then possibly imaginary numbers can be combined with the real plane to form a 

new three-dimensional coordinate system. 

 

So then, the problem would be how to combine the real plane with the complex plane?   

 

In the complex plane the real values are in the horizontal direction.  This is the same as the real 

plane.  So far so good. And, in the complex plane, the imaginary numbers are in the vertical 

direction, whereas we want them in the depth direction. So, if we take the complex plane, as 

we look at it, and then lay it down flat in front of us - effectively rotating it, top-end forward, 

about the horizontal axis - then the imaginary numbers will be in the forward-backward, or 

depth direction , rather than the vertical. Then, by changing the axis name for the complex 

plane from Ὥώ to Ὥᾀ, for the depth direction in our new three-dimensional system, we have the 

new coordinates and we can designate this as 3Di. 

 

This would be the same as taking our initial x, y, z space and multiplying the  ᾀ ὦώ Ὥ ὸέὫὭὺὩ Ὥᾀ in 

the depth direction.  

 

This combined real and imaginary plane construction allows us to write functions of the type: 

 

ώ ὭᾀὪὼ 

 

in which: 

i. The real input ὼ will be graphed on the horizontal axis. 

ii. The real output ώ will be graphed on the vertical axis. 

iii. And, the imaginary output Ὥᾀ ǿƛƭƭ ōŜ ƎǊŀǇƘŜŘ ƻƴ ǘƘŜ άŘŜǇǘƘέ ŀȄƛǎΦ 

 

So, in step-by-step progression from 2D to 2Di to 3D to 3Di, we have made the transition from 

two dimensions to three and combined the real and complex planes - with our eye now at the 

origin of three axes instead of two. 

 

But wait a minute. 5ƻŜǎƴΩǘ ǘƘŜ Ŝǉuation we just wrote normally mean only curves on the real 

plane since:  ᾀ πȩ   

 

Well, the answer is: it depends. If Ὢὼ only generates real numbers like these functions: 
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Ὢὼ ὼ   έὶ  Ὢὼ Ὡ 

 

Then yes,  ᾀ  would always equal zero , and so  Ὥᾀ  would equal zero, and - very important - our 

function would only exist on the front real plane (FRP.)  But take, for example, a function like: 

 

ώ ὭᾀὭὼ 

 

Then  ώ  would always equal zero rather than ᾀȢ  And, we can ask the question: Where would 

this straight  line lie?   

 

Since ώ (the vertical axis) is always zero, this line lies entirely on the ὼȟὭᾀ plane, which is the 

horizontal and depth plane.  This plane cannot be seen by our eye at the origin of the front view 

since it extends directly forward and backward of our eye.  We will call this plane the Ψtop view.Ω  

And since it is an imagiƴŀǊȅ ǇƭŀƴŜ ǿŜ ǿƛƭƭ Ŏŀƭƭ ƛǘ ǘƘŜ ΨtoǇ ƛƳŀƎƛƴŀǊȅ ǇƭŀƴŜΩ or the TIP.   

 

In order to see this plane we would have to look down on it.  And if we did, then the straight 

line would look like: 

 
top view  'TIP' 

 

And, in three dimensions: 
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3D straight line with vertical component zero 

 

So the function: 

 

ώ ὭᾀὪὼ 

 

can produce three-dimensional space functions that have imaginary part zero, and lie only on 

the front real plane, or functions that have real part zero, and lie only on the top imaginary 

plane.  By extension, Ὢὼ can produce complex numbers that lie neither on the front real, nor 

the top imaginary planes, but anywhere in space.  As we shall see, they may also lie  partly on 

the front or top planes as well. 

 

 

 

Now consider the three-dimensional space function formed by the Euler Formula: 

 

ώ ὭᾀὩ ÃÏÓὼ ÉÓÉÎὼ  

 

in which: 

ὼ ὸὬὩ ὬέὶὭᾀέὲὸὥὰ ὥὼὭί 

ώ ὸὬὩ ὺὩὶὸὭὧὥὰ ὥὼὭίÃÏÓὼ 

ὭᾀὸὬὩ ὨὩὴὸὬ ὥὼὭίὭÓÉÎὼ 

 

This gives the result that, in three dimensions, 9ǳƭŜǊΩǎ CƻǊƳǳƭŀ ǇŀǎǎŜǎ ǘƘŜ ǾŜǊǘƛŎŀƭ ƭƛƴŜ ǘŜǎǘ ŦƻǊ 

ŦǳƴŎǘƛƻƴǎΦ  9ǳƭŜǊΩǎ ŦƻǊƳǳƭŀ  ōŜŎƻƳŜǎ ŀ ƘŜƭƛȄ ŜȄǘŜƴŘƛƴƎ ƭŜŦǘ ŀƴŘ ǊƛƎƘǘ ŀƭƻƴƎ ǘhe horizontal axis.  

Its real value output gives the amplitude in the vertical direction ŀƴŘ ƛǘΩǎ ƛƳŀƎƛƴŀǊȅ ǾŀƭǳŜǎ ƎƛǾŜ 

the amplitude in the depth direction.  
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¢ƘŜ ά9ǳƭŜǊ IŜƭƛȄέ 

 

More on EulerΩǎ CƻǊƳǳƭŀ ŀƴŘ Helix in section 6.0  9ǳƭŜǊΩǎ Cormula Upgraded, Helix and Spiral 

Functions 

 

And as we will see throughout this book, one of the advantages of 3Di is that f(x) itself may be 

treated as a three-dimensional function and generate complex number output from real, 

imaginary or complex input, and by so doing, allow all three dimensions to be treated in one 

equation.  
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2.2  A Left Hand System 

The positive directions are right, up, and forward (the direction we are looking).  And, this 

makes a left hand coordinate system in which, from the origin: 

 

I. thumb pointing up - the vertical axis - takes on positive ǊŜŀƭ ΨȅΩ ǾŀƭǳŜǎ 

II. index finger pointing forward - the depth axis - takes on positive ƛƳŀƎƛƴŀǊȅ ΨȊΩ 

values 

III. middle finger pointing right - the horizontal axis - takes on positive ǊŜŀƭ ΨȄΩ 

value 

 

3Di is a left hand coordinate system: 
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2.3  Projection Planes 

 

With any given 3Di space function,  ώ ᾀὭὪὼ , there will be six resulting two-dimensional 

Ψprojection planesΩ which are the two sides of the three colored planes shown below. 

 

 
 

 

 

Of the six resulting two-dimensional planes, two ƻŦ ǘƘŜ ǇƭŀƴŜǎ ŀǊŜ ΨǊeal planesΩ and four of the 

ǇƭŀƴŜǎ ŀǊŜ Ψimaginary ǇƭŀƴŜǎΩΣ as follows: 

 

i. Both sides of the violet plane ς horizontal axis (real) and vertical axis (real) - 

ὼȟώ, which we will call the front and rear real planes.  

ii. Both sides of the red plane - horizontal axis (real) and depth axis (imaginary) - 

ὼȟὭᾀ, which we will call the top and bottom imaginary planes. 

iii. Both sides of the blue plane ς depth axis (imaginary) and vertical axis (real) - 

Ὥᾀȟώȟ which we will call the left and right side imaginary planes. 

 

In practice we will rarely, if ever, use the rear and bottom planes and only occasionally use the 

left side plane.  






























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































