A Three Dimension&oordinate System for
Complex Numbers

by greg éxamka

WD S 2 Y S wud\Sur€ce F@ndlibgs



A New Coordinate System for Complex Numbers 2

Cover lllustration:

Shown on the covelin cutaway) NB | WOINRF y3dz F N G2NHza Ay | Wi
G2N¥za Ay | WaljdzZa NBQ 2NDBAGD
[FoStAYy3a GKSY Fa | WoX o,wdicangiaph@eallyyeillesn > n G2 N

possibilities. E.g3, 4; 6, 3; 2, 8; 8, 1 (circu)aetc.

Thefunctions are of parametric form:

® Q6 QU
® Q0 QU
Qo Qo Qo

See sectiori4.0 5Dii: Circular Surface Functions

greg ehmka, 2013



A New Coordinate System for Complex Numbers 3

A Three Dimensionaloordnate System for Complex Numbers

a!

Copyright:greg ehmka
Published: 2013 Revised Edition
Revised: September 2013
Revised: December 2013
Publisher: greg ehmka

previously titled:

Go5AY ¢KANR 5AYSyYyaarzy LYIFIAYIl NBE
bSé /22NRAYFGS {eadGdSYy T2N O02YLX SE
Copyright:greg dxamka
Published: 2009
Publisher: greg ehmka

All rights reserved

No part of thigpublication may be reproduced or copied for distributiorany formexcept

greg ehmka, 2013

small portions as part of a review.

www.gregehmka.com



http://www.gregehmka.com/

A New Coordinate System for Complex Numbers 4

Acknowledgements

Appreciation, gratitude ad celebration are expressed literally everyone who sincerely
offered articles, questions, thoughts, speculatipasd even confusion relative to math on the
internet. All of it isinvaluable to the solitary researcher.

And, of coursemany thankgo the Muses!

greg ehmka, 2013



A New Coordinate System for Complex Numbers

Dedication:

Thise-book is dedicted to allhigh school studentgast and presentyho found a spark of
interest in mathematics and then decided that she or he wasmath-phobic or not smart
enough;,to go further.lt took me nearlythirty years to write this5 2 ygikeiup on whayou
love!

Sincerely,

greg eamka

greg ehmka, 2013



A New Coordinate System for Complex Numbers 6

Software Note:

All of the graphs and videos in thisbook were produced with | OA ¥ A @D NJIS IOK Dy 3
/ I £ O davhicliifér Bh& rfost part is an inexpensive and excellent piece of softwartd ttan
completely recommendThe simple user interface is its strong point.

The dificulties arisen three places(1) The older versiornvideos produce AVfiles which seem

to come out upside downthis has been fixed in later version®) The graphs are sometimes
incomplete at cusps, certain verticesd so onand(3) At certain discontinuitieshe software

LINE RdzOS& dzyySOSaali NBEG GEVING & I&K#Z:-th&gBIbe Ol ad K S
pointed out where needed.

The video filegor the animationsare hosted on YouTube and will play automatically when the
links are clicked.

Please feel fre tosendalong anything that might warrant attention.

Contact Note:

In an endeavor of thisize and scopeherewill likelybe no shortage of errorsAdditionally,any
innovative notatiors offered can best be thought of as suggestions that seemed to nsakee
at the time butlikely can bemproved uponCorrections and thoughtful suggest®for
improvement are invited please feel free t@mailme.

Navigation Note

TheList of Animationghe Table ofContents, and crossreferencesare W I O @&llbvadr for easy
navigation Just click on any of them to gmywhere.If you wish to returrafter jumping
anywhere, just clickALT + LEFT ARROMUnctionst A { S Huttodfbnla Grpwser.

The index is not activeso the best approach there is type the page number into the current
page boxat the top of Adobe Acrobagnd hit ENTE® go to that pageTo go backype ALT +
LEFT ARRQW

greg ehmka, 2013

P


http://www.pacifict.com/
http://gregehmka.com/contact
http://gregehmka.com/contact

A New Coordinate System for Complex Numbers

NotetoMacusBlARY , 2dz Yl & ySSR (2 Ylydzffte IRR

Wo I (

go to the VIEW droplown menu. Then, click CUSTOMIZE TOOL BAR. Then, drag the FORWARD

and BACK ARROWS frdma menu to the tool bar for onelick forward and back navigation
within this ebook.

Active Table of Contents

A Three Dimensional Coordinate SYSIEMLIOL........cuuiiii i 1
L0700 ] o113 a1 8T ] o =] 3SR 1

(07017 |1 (114 = 11T o PRSP 2
ACKNOWIEAGEIMENLS. ......eeiei ittt e e e st e s et e e e ab b e e e e s e bbbt e e e esb e e e e e ansbreeeeeennsees 4
[D]=To [ [or= 1 (o] LR PP TR PP PPPPPPPPPPPPPPN 5
Y0011z L= N[ (= PSRRI 6
(070} o1 7= Tox B N\ [0 (=SSP 6

N F= Y To F= o] N (o L= OO PP PP PP OPPPRPY 6
ACHIVE TaDIE OF CONENLS. ...ttt e e e e ettt e e et e e e e e e e e s s nbb bbb e e e e eaeaaaeaeaens 7
ACHIVE LISt OF ANIMATIONS. .. .eeiieiiiiii et e e e e e e s e s st e e e et aeaeeeseeaannnnsbeareeeaaaeaaeeaens 13
1.0 Imaginary Numbers and Human EXPEHENCE. ..........uuuuuiiiiiiiiieie it e e e e 16
I T a1 o O g T = Tod 1= ] kU 20
1.2 Associated DImensions and FUNCHOMNS. ..........uuiiiiiiiiiiiie e 21
1.3 EXAMPIE TN ADIi.cee ittt ettt etttk e e e e e e e e bbbt e e s bt et e e e e nnree s 22
2.0 3DiMeanst ¢ KA NR B AY SR AE €. oooiiieiiee ettt 26
2.1 Constructing the Coordinate SYSEM.........uuiii it e e e 26
A N = = 1o S V] (Y o 2 PP 31
2.3 PrOJECHON PIANES. ... ettt e bbbt e e s et e e e et bt e e s et b e e e e e e e 32
2.4 Real, Imaginary or Complex Function Input and OULPUL............uuiiiiiieirieeeeeeeeecececeeeeeeeeen 35
2.5 ProjeCtiNg @ SPACE CUNVE.....cci ittt e ettt ettt e e ettt e e e e e ra bt e e e e sbb et e e e s bbbt e e e e s abbeeeaeasbbeeeaeaa 37
A I ©o) o 1ot C ] I L PP PPUPPRPPRP 42

P2 G ) R @fo ] [Tl N\ Lo o [T =T T 1 Y PR USPR 45

A A o 1] 1 (TSR TG | PP UUR TR 52
T 2 T L = RSP 54

2.72 COMDINING BASES....ciiiiiiiiiiiit ettt et e e e e e e e e e e e bbbt e et et e e e e e aaeeesaaanabbeseeeaaaaeaeaaan 58

2.8 EXPONENLAIS 1M BDk...ueeeeeieiitiiiee ettt ettt ettt e e s sttt e e sttt e e s s e bt e e e e annbee e e e enbreeeeennreed 62
2.81 Exponential Graph ROAtION............uuuiiiiiiiiiiiee e eea e e 62

2.82 INVEISE LAMBDEI W...oeeiiiiiee ittt e e e e e e e e e e et r e e e e e e aaeeeesannnsnrannneeneaaees 64

3.0 HiStoriCal CUIVES INIBD.....eeiiiiiieee ittt ettt e e e e ettt e e e e e e e e e e s e e snnbbebeeeeaaaaeaeaess 66
I I o 1= 1T o (ol 1= PR PRR 66

0 ®H ¢ KS W/.dzA.LISR..L.SEAEQu s 70

G 072 T I o] 1 o (o SR 70

greg ehmka, 2013



A New Coordinate System for Complex Numbers 8

A N i o ][ PRSPPI 70
e R Tt U1 o o] (o TR = (o PP PP PP PP POPPPPR PN 71
2 S I 11 (o] 11U o o PR 74
3.25 Rose Curves, QUadrifolium, ELC..........cciiiiiiiiiiiiiiiiiiiieeee e sessiivieieeee e e e e e e sveevneseeeeee e T 4
3.26 Epicycldi, Hypotrochoid, Epitrochoid, Hypocyclaid...........cccccveiieeiiiriiiiiiieeece e 77
IR I 03 o] (o] [ H T TR P PP P T PPPPPPN 79
IR 3 A [ g = To 1 F= U YRS [ o 1= T EPURR 89
3.4 HiStorical SPIrals iN BD......ccciivuiieeiiiiiiee ettt e st e e e e e b e e e e e 92
G 3 Y ol a1 1T [T o 1= | SRR 92
odnH CONNLL.QA. L LIANI . £ 95

G o o 1Y/ 01T o o] [T o 1= | P 98
I (1SRRI 100
3.45 HeliX DeriVatiVeS, LITUUS ........uuiiiiiiiiiiie ettt e e e e e e e e n e e eaeeeeeas 102
3.46 Square Cornu Bal/Fresnel INTEQIalS..........cooi i 106
3.5 Conversion From 2D Polar to 3Di COOFAINALES.........uuuiriiiiiiiaaeaee ittt 109
TS 3 A o Tod =T o PR SSSS 109
T2 ©fo ] (o3 s To] o KR PP PP O P PP PPPPPPPPPPPPN 110
3.6 Spira Mirabilis 6 New 3Di Equations for the Equiangular.Spital...........cccccooniiiiiiiiniiiiiieiieen, 113
3.61 IN 3Di CONVEIEA FOIMLa..ciiiiiiiiiiiiiee ettt e ettt e e e e e e et e e e e e e e e e e e s reeeaaaeeeas 113
o®dcH ¢CKS W/ 2YLX.SE.QELRY.SY.GALLO. .C2NN...oceoevernee 119
BT3¢ T 1 I o To = 111 a1 (o o 4 2 122
3.64 1IN COMPIEX BASE FOLIM......oiiiiiiiiiie ettt e et e e e e e e eeeee 127
3.65 In Negative Real Base FOILM...........coooiiiiiii e e e e e e e e e e e e e e e e e e e e e e 130
odcec Ly NS G ICOEPBIE (LA b £, 135
3.7 Additional Terms in the HeliX EQUALION..............ooiiiiiiiieiecee e e e e 136
1 T A T - T [ oo PR 137
3.72 UNIfICAtION NOTE. ...ttt e e e e e e e e e e e e e e e e e e e eereeeaeeas 139
3.73 Cardioid DEMNVALIVES. ......uuuieeiiiiieeee ittt e e e e e e e e e s et eeaeeees e s s ntesbaeeaneeeeeaeeesesannsnseees 139
0oPT M CNBSGKQa bSLKNRAR..ADLK..5SNAALAOADSA......141

1 T 4.5 T I 2T Vo o o PR 144

B T4 ST VL= o] ] {0 SRR 148
0oOTT ¢lrfo20Qa [.dANBS. . 4AG0K. . .5SNRALOLADSA. .. 150
3.78 Cowboy Hat With DEIVALIVES......cccoiiiiiiiiiiiii et e e e e e 154
ody ¢KS {SNLISYyGAYSZ. . 2A00K. Ly .R..L. . alLANDLSE..... 156
3.9 Additional HISTONCAl CUIVES.......cceeiiiiieii e eee et e e e e e e s se st e e e e e e e s e s e s st raeneeeeaees 165
4.0 POIYNOMIAIS TN 3Dk ctiiiiieiiiiiit ettt e e e e e e e e ettt e e e e e e e e e e e e s nbbbb et e e e eaeaeeeeaaaaannane 166
4.1 Quadratic INPUL aNG OULPUL.......eiiiiiiiiiie ettt e e et e e e s bt e e e s snbbeeeeeessnbeeeeesan 166
4.11 QUAIAtiC NONIINEAITLY ... .eetieeiieeie ettt e e e e e e e e e e st be b e e e e eeeeaaaeeeaaaannns 173
4.2 Imaginary Polynomial COEffICIENTS..........ciiiiiiiiii e 174
4.21 1IMAaginary TranNSIALION........cooiii ittt et e e e e e e e e e e e e e e e e e e e e e s e annnbebeees 174
4.22 Imaginary Rotatiofind CONCAVILY........c.ueiieiiiiiiie ettt 177
noHoO LY FL3AY L NE WG AL DO 178
4.3 Helixes as Polynomial CoeffiCIENTS.........iiiiiiiiiii e 179
4.4 A Quadratic Ellipgdyperbola in SPACE........ccuuii it 188
I O UL < TP PP PTPTPPPPR 195

greg ehmka, 2013



A New Coordinate System for Complex Numbers 9

TN R o =T T O ] ORI 195
4.52 POIYNOMIAI CUSP...tetiiiiitiiee ettt e et e e et e e e et et e e e e e st b e e e e s s nbb e e e e e annreeas 198
4.53 Semicubical ParabQlal...........c.ooiiiiiiiieeei e 200
4.54 Mordell Bifurcation, MOVING the CUSP.......ciiiiiiiiiiiiiiiieee ettt e e e e 202
4.55 EIliptic CUIVE BifUrCatiON........uuuiiiiiiiieee e e i e e s e e e e e e s e s e e e e e e e e s e s s an b anareenreeaaeeeeas 204
4.56 Elliptic CUVEIONINEAITLY.....ceiuiiiiieiiiieie ettt s e e e e 207
4.57 SKewed EllPLC CUNVES ..ot e e e e e e e e s e e s e e e e e e e e e e s s e s sennrbnreeeeeaaeeas 209
4.58 Imaginary HYperelliptic CUNVES. ........uuiiiiiiiii ettt e e 211
4.59 Lame CUNBIUICALION. .......coiriieiiiieiit e s e e e e e re e e nnre e e 216
4.6 Polynomial BIifUrCALION ... ....ceiiiiiiiiie ittt s s e e e e aaneeee s 222
4.61 ROOLS OF @ CUDIC . ...eiiiiiiiiiie et e e e e s e e nn e s nnre e e 222
4.62 ROOS OF @ QUAITIC. ...ceeiieieieiiiiiitte ettt e e e e e e e e e st e et e e e e e e e e e e s e annbreneeeeaaaeens 230
4.63 A QUINIC ROOLS Graph...cccceeieiiiiiiiii et e e e e e e e e e e e e aeeeeeeeeanenens 232
4.64 A SEXLIC ROOIS Graph........eeiiiiiiiiiii ittt et e e e e e e 233
4.65 PolyNOMial NONINEAIILY . ......uuuereeiiiiiiiiiieie e e e e e e ee e e e et e e e e e e e aae s s s s e s e e e e e e e eaaeeeeeeesesnennnes 236
4.7 Complex CoefficientsPolynomialS in SPACE.........ccoiiiiiiiiiiiiiiiie s 238
4.8 Inverse Polynomial FUNCHIONS............uuiiiiiiicieie sttt s e s e e e e e e e e e eeeeseannnnnns 244
N O O] 1] o1 [= Q [o] o L= PO PP OO PP PP UTPPPPN 248
5.1 AN INTUITIVE MOttt s e e s rn e e e e s anne e e e e e e 248
5.2 Real, Imaginary and ComPIEX SIOPE.........uuiiiiiiiiiii ettt e e 249
LA b T 1 ] o 1= SRR 251
5.3 INverse IMaginary SIOPE. ........uuiii i e e nne 254
R I o] [ ] (o 0= TS T I PPN 257
5.5 Transformation of TwWo Dimensional SIQRE............uiiiiiiiiiii e 258
5.6 Polynomial SPaCE TrajECIOMIES ... ..uuuuuiiiuiiitiiiiiee e e e e e e e e e eeee et eeee e eeeeetetaar s s s e s e s aaaeeeaaaaeeeeeeranenes 263

con 9dzft SNR& C2NXNdzZ I ! LIANLRSRE..L.SEAE..LY.R.{.LAKMBE CdzyOii
c dm 9dzf SNN& C2N)N.dzf.l.... AY..¢KNBS. . 5AY.SY.4A2)A......266

6.2 Coordinates in the Normal Complex Plane and in.3Di...........coocuueiiiiiiiiiiieniiieeee e 267
6.3 The Helix Bagleand Wavelength ..o 270
6.31 The New Famous FIVe [AENTILES. ........ooii i 273

c ®oH 9dzZf SNR& CI Y.2.dz4..C2NNdz. L. LIANERSR. o, 274
6.4 Wavelength INtErpretationsS. ........ooi i it e e e 278
6.41 Table of Expent Effects for Various BaSES:........cccceeiiiiiiiiiiiiceciieeeeeeeee e 279
6.42 Positive Real WavelenghiS..........cooi i 280
6.43 Negative Wavelength INterpretation...........ooooi it 283
6.44 Imatnary Wavelength INterpretation............ceo e 284
6.45 Complex Wavelength INterpretation............oooiiiiiiiieiiieee et 288
LRSI o o To T =T o= 1S PP 292
6.51 ThECDASE EXPONENTIAL. .....eiiiiiiiiiiiiiitee ettt e et e e e e e e et e e e e e e e e e e e e s s annnbeeeeees 292
6.52 ROtating EXPONENTIAIS. .....ouveiiiei ittt st e e s st e e e araeeeeeaa 295
6.53 EXPONnential TANGENTS......coiiiiiiiiiii ittt e et e e e e e e e e e s e e e anb e eeeeaaaeeas 297
6.54 The EHlPLC SPIFAL........ooiiiiiiiiiei e e e s sbe e e e e 300
6.6 ThEOr VAriahle BasE.........cccuiiiiiiiiiiii ettt ettt sb e be e b e e snneeen 307
7.0 ?“and HIgher LeVel EXPONEILS.......ciiiiiiiiiie ittt sttt e e e st e e e s snbbeeeee e s nnbeeeeeens 312

greg ehmka, 2013



A New Coordinate System for Complex Numbers 10

7.1 Helix andral NONIN@AITTY ......cciieeiiiiiiiiiie e e e e e e e e e e e e e e e e s e e s s e nnnnreeneees 312
7.2 Additional LeVelS Of EXPONEIIES.......cciiiiiiiiieiiiiiiee ettt s ittt st e s anbnee e e e s annneees 320
T ®o £ NAFoftS 21 @St SyaiK. . Ly R..[L.2OLAGA2Y. . 2F . 0.KP3WYLSNR AQ
731 2 S$OSt 9ELRYSYARBQLYR..OKS..WE oo, 329
7.4 Exotic Graphs Using Second Level EXPONENLS...........ccccuiiiiieriieiiee e sesciineeeeeeere e e e e e e s snnennens 339
T ®p Wi ANE..G2ELSO.... L LIA N £ 348
SN VA= (o1 AY o] o] (0 ) (1 = L1 o] o 1= SRS 351
T ®dcC W, SE3aS8L... 0 LISQ. L. LIANI L, 356
7.61 Bessel Zeros APProXiMatiQrl........ccc.uuureeireeieeereeiiiisiiiiieeeeereeeeseesesssrnrrearrereaeeaessssnannnnrrsseees 357
7.62 Variable Coetiient and Derivative EXamples.........c.oviiiiiiiiniiee e 361
L3 T N @o 4 g 10 [T} o1 = N T s o 1 o o SRS 363
7.7 Higher LEVEl EXPONEILS.........viiieiiiiiiee ettt s et e e et e e e s et e e s e nnbn e e e e e nnnnes 365
7.71 & Level exXpPoNeNtS TWO EXAMPIES......uuuiiiiiiiiii it e e et s s e e e e e e e e e e e e e aaaeeeeeees 365
7.72 & Level EXPONENt EXAMPIE. ... e 368
8.0 Helix and Spiral ANLIAEINVALIVES..........coiiiie e e e e e e e s e e aaeeaaees 370
8.1 First L@l EXPONENTS. ... .eiiiiei ittt ettt ettt ettt e e e ettt e e e skt et e e e s aab b e ee e e e abbeeeeesaabaeeeeeanne 370
8.11 HEliX DEIVALIVES. .....ciitriiieiiiieii ettt a e s e e e e e s e e s a e e e e e annree s 370
8.12 HeliX ANtIAEIIVALIVES. .. .. euiiiiiiiiie et e e e e e e e s e s st erreeeeaeeeesesansnnaees 371
8.2 First and SecoNd EIVEXDPONENTS . ......uuuiiiiiiiiiiiiis e ee e e e e e e e e et e e e e e e eeeee e ae e asseseaaeaeaeeaeaaseeesensnrnnes 373
8.21 First Level EXPONENt IMagiNAIY:......ccuuiieiiiiiiee ettt e e 373
8.22 Second Level EXPONENt REAL........ccooi i s e e e e e e e e e e e e e e e e e e ae e s 374
8.23 Second Level EXponent COMPIEX ........coouuiiiiiiiiiiiiie it 376
8.24 First LeVEIXPONENT COMPIEX....ciiiiiiiiii e s e e e e e e e e e e e e e e e e e e e e e e aeaeae s 378
LS B O T ¥ o oo T o 1Y o T o 1V SRR 379
9.1 4Di Function Input and OUPUt AEIMALIVES...........ciiiiiieie e 379
1S IV o] g o] g1 To J@o] g o1 =T o | PO PRP TP PPPPT 380
9.3 4Di Morphing FUNCLION EXAMPIES.......cooiiiiiieeee e e e e e e e e e 382
9.31 The Polynomial Morphing FUNCLOM.........ccooiiiiiiiiiiiiie e 382
9.32 Polynomial Fractional DerVALIVES. ............uuuiriiiiieeie e e e e e et a e e e e aaeaees 384
9.33 EXponential MOIPRING........coiiiiiiiiie et sbb e e 385
9.34 Periodic Exponential MOIPRING..........uuuuiiiiiiiiee et e e e e e e e e e e e eeeaaanes 386
9.35 ParaboliC BIPNING.......cooiiiiii et e bbb e e e 388
9.36 LiSSAJOUS MOFPIIIG ... eeeeeiiiiiiiee ettt ettt e e st e e s eabb b e e e aanreee s 389
9.37 2% DEIIVALVE MOIPRING. ... ..eeeeeeeeeeeeeeee oot eee e eee e eee e ee et ee et s e s 391
9.38 MOrphing SKEWEA SPIFAIS........uiiiiiiiiiiie et e e st 393
.39 A SIMPIE ROTALOL. ...ttt iiiee ettt et e e e e e e e e et e e e e e e e e e e s e e nnbbeereeeaaaas 397
9.40 The Equiangular Spiral and Cardioid MOLOM.............oouuiiiiiiiiiiiie e 399
10.0 4Dii: HEliX MOFPRING. .. ittt ettt et e e e e e e s e et bbb e et e e et e e e e e e e e s annbbnbeeeeaeas 406
11.0 4ADii: AlgEDIAIC FOMMS .. ..iiiiiiiiiiiie ettt e et e e e e et et e e e ettt e e e e e anbb e e e e s anbeeeeeenbeeas 408
111 FUNCLIONS N 4Dttt e et e e e e e e s et an b ettt e e e e e e e e e eaennnbnbeeneeesd 408
11.2 A New Geometry of Natural 10garithms............oouiiiiiiiii e 409
11.21 Spira MirabiliS AQAIN.........uueieiiiiiiiee et e e e e e e e e e s e e e aeeeeaeae e e e e aaa 409
11.22 The Four Coordinate Complex EXP/LOG FUNCLON...........uiiiiiiiiiee e 412
11.23 The Four Coordinate Complex EXp/LOg SULTACE.........cooiiiiiiiiiiiiiiiieeeee e 413

greg ehmka, 2013



A New Coordinate System for Complex Numbers 11

11.3 The Imaginary LogarithmiC SUMACE..........cceii it e e e e e e 419
11.4 More Exponential/LogarithmiC SUIMACES.........ciiiiiiiiiii it 422
12,0 ADii: SUMACES .. iiiiiiei it ettt ettt e e et e e e e e e e e e et ee et e eeeeaessba bbb e aesesesaeeeaeeaeeeseseessssrrrered 427
12.1 SUrfacing @ FUNCHON. ........uiiie ettt e e s et e e e s e e e e s aannneeas 427
2 I A | 1Y £ Y= [ o 1T 1 SRR 429

12.2 ClOSEA SUIMACES ..ottt e e e e e s snnnreneeeeeeeeeessesnnnnennee s D31
12.21 The Sphere SUrface FUNCLON. .......cuiiiie i e e e e s s e e e e e e e e e s s s rarerreeaaaeeees 431
12.22 The Cube SUMace FUNCLIQN . ........coiiiiii e eeaeae e 434
12.23 Lozenges, Barrels and Pointed CYlNAEIS..........uviiiiiiiiieeec e 436

12.3 (PN SUIMACES ....eeeiee ittt ettt ettt e ettt e e e oo ab et e e e s b bt e e e e sk b e e e e e e e aabb e e e e s aabbeeeeesanbaneaeneanes 442
12.31 Constant, Exponential and Polynomial SUIMaces..........cccviiiiiiieeiie e 442

12.4 CompleX ReGIONAI INQUL.........coiiiiiiiiii ettt et e s e e e e e e e e nees 447
12.41 Cornu SpPiral/FreSN@IEACE. .........uuuiiiiiiie e e e e e e e e e aa e e e e eeaaaaaen 448

13.0 4Dii: ObjedlVave DuUalIty SUMACES . .....uuiiiiiiiiiiie ittt 451
13.1 Observable and Embedded DIMENSIONS...........uuuiiiiiiiiiaaeaaiiiiiiiie e e e e s e e e ee e e e e 451
13.2 Objects and Their ASSOCIBIMA/AVES.........coiuiiiiiiiiiiie ettt e et e e st e e e snbreeeee s A52
13.21 THe SPhEIE SUIMACE. .. .uuie i e e e e e e et 452
13.22 The RecCiprocal SPhere SUMACE..........oouiiiiiiiiii e 455
13.23 The EXp/NAral LOQ SUMACE. ......uuuiiiiiiiiie it ee ettt s e s e e e e e e e e e aaaeeeeeaaannnns 457
13.24 POIYNOMIAI SUIMACE......eiiiiiiiiiiie e e e e sannee 461
13.25 Cardioid SUIMACE. .. .. .uuiiiiiiiiiee ettt e e e e e e e s bbb e e e e e et e e e e e e s e aannreeneees 463

R TR T = 1o o USSP UPERUUPRRRPPY” ! o1
13.31 Inner, Outer and Variable AMPltUdE...........oooiiiiiiii s e e 465
13.32 GEeOMEtriC HEIICOIAS. .......ueeeiiiiiiiee ettt e e e e e e e s e e eeeeeeeeeeeeeannes 468

MO ®@n I WENI yADSNES..2.L1.AS85.Q. { . dZNF.L.OS. ..o AT
14.0 5Dii: Circal Surface FUNCHONS.......ccoiiiiiiiiiiiiiiieie e er e e sneereneeeneeeene e e e nneeee s DTS
O R O [ (ol B | = Tl o (=] [ PP PPPPPPPTPRNS 473
I O 1 (ol B = Tl 1= o T SR 480
14.3 GEOMELIIC TOIUS SUIMETE....coi ittt e ettt e et e e e e e e e s bbb aeeeaaeeeeas 482
MO dn / ANDdzf | NJ We Ny .a@SNBR.S..2.1L.38Q.. . { .dzNF.l.OSaA.....484
15.0 6Dii: SUIACES IN IMOTIQIL....cciiiiiiiiite ettt e e e e e e bbb e et e e e e e e e e e e s s anbebbereeeeeaaeeas 486
15.1 Objects in Polynomial Space TrajeCtAIES........coiuuiiiiiiiiiiiee ettt e e 486
15.2 @JECES IN OFDIES ...eeiiiiiiieiie ettt e ettt e e sttt e e e sttt e e e s s snbbe e e e s abbneeeesanbeeeeens e d 492
15.21 A Two DImensional SOIar SYSIEM.......ccouii e eee 492
ST = To o 1V o] =1 (o] o PR PT TR 496
15.23 A Three Dimensional SOlar SYSTEM.........u it e e eaeeenes 497
15.24 A Hetial SOIAr SYSIEIML......uuiiiiiiiiiiiie ittt e e st e e e st e e e e s nnbeeeeeeans 498

15.3 Circular Waves iN IMOLIONL......ccooiiiiiiiiiiie ettt et e e e e e e e e e e bbbt e e et e e e e e e e e e e e annneeeeeees 500
15.31 SPIN COBTICIBNL ...ttt sttt e et e e s st e e e s nnneeee s 500
15.32 RECIPIOCAI SPIN....ciiiiiiei ittt et e e e e e ettt et e e e e e e e e ae e s e e bbb aeeeeaaaaeaeaaan 504
15.33 StANAING WAVES......ceiiiitiiiie ittt ee ettt e e e ettt e e ettt e e e e et bt e e e e e anb b e e e e e anbbeeeeeanneee 506
Concluding Personal COMMEIILS........cuiiiaaiie ittt e e e e e ettt e e e e e e e e e e s s sbnbeeeeeeeaaaaaaesasaaannnbeeeees 508
o 1= ST 509

greg ehmka, 2013



A New Coordinate System for Complex Numbers

greg ehmka, 2013

12



A New Coordinate System for Complex Numbers 13

ActiveList of Animations

LYAYFGAZ2Y M Qw2 G.AY.3..9ELRY.Sy.0AL L. DRI LIKQ
LYAYEFGAZ2Y HLLQLLE.QS. . LAZNIDS. Qo 39
Animath 2y 0 QO.5.A...L2. Y. A 0Q e 45
L YAYFOGA2Y n QQ2Yy.AQ..b2 Y.L AY.SENKOS ... 48
LYAYFGAZ2Y P Qo Skl LS EAEQ e, 56
Animatiofy ¢ Q¢ 62 ... B S L S A e 60
VAYLGAZ2Y T QwSOALNROLf.. . I.LSLAESAQ... 67
YAYEFGA2Y ySOERNROAZELIZ.AR i) 70
VAYLFGA2YI SE ARG ANR.AR oo, 71
YAYLGA2Y wmn QCSNXNL.GYA..{.LIANLE. . .L.Sf.AE
YAYLFGA2Y wmm  Q92vYdest | S/ dzf L:ANS.. { LAANNECE ... 129
VAYLFOGA2Y MH  C9Sj3drAll AYZESAZE.. | NS LAAZNIME Q... 134
VAYLFGA2Y MO . . .WLLELNRAZAR. .L.SEAEQ ... 139

VAYLFUGAZ2Y
YAYLFGAZ2Y
YAYLFGAZ2Y
VAYLFGA2Y
VAYLFGA2Y
VAYLFGA2Y
YAYFGAZ2Y
YAYFGAZ2Y

Mmn Q/ 2¢062&.. . 1.L0.. . aA0K. . BESNAABSI A 3S4aQ
Mp Q{ SNLISY.0AY.SZ.. 2.A00K. .. Ly.R60 ANODf SQ

Mc QvQ@z. . RNL.GA.O..... AT dzNDL.(0.A.2.y172
MT W{ SY.A.0dz5.A.QL.f.....t.L.N1..6.2.£..1..CR02
My Qa2NRSi.f..a2@dAy.3../[.dz3.L.JQ..203
Mp Q[ L.Y.S..L.dzNIS...a2 NLKAY.3.Q..221

Hn Q/ dzo A@...t.2.L. 8.2 Y. AL ... .. AF.d2ROI GA2Y
HM Q/ dzo AQ.t.2 0.8 2. Y. AL L ... AT.d2ROI GA2Y

YAYFGA2Y HH Qvdzk NIQA.O...t. 2.8 y.2. YA L.L......A281dzZND I GA 2y

Animation 23 Polynomia@llonlin@arityld..............uuuuurerimmiiiiiiiiiiee s ee s eee e e e e e e e e e e 238

L' YAYFGAZ2Y Hn Qt 2f @y 2YAlf. . Ay.. .{LL.OS.. 83 RSINBSQ
L' YAYLFGA2Y Hp Qt2f ey 2Y.ALL Ay . . {.LlJ.0S..240/)R RSINBES
L' YAYLFGA2Y He Qt2f ey 2YALf.  Ay. . .{.L].OS..240NR RSINBES
L'YAYLFGA2Y HT Qt2f ey 2YALf.  Ay. . .{.LJ.0S..2431K RS3INBS
L' YAYFOGA2Y HyYy Q! YAYLEGS. . L.2Y LI .SE. . {.f.21J2a08

L YVAYFGA2Y Hd Q/2YLXE SE {f2LS.. .LYy.R.1.2283% 2 YAl f { LJ
LYAYLFGAZ2Y on{ WhREt (ADBILIKALIQ. ..o 288

' YAYFGA2Y om WbS3FGAGS . A4S . {.LIAANLL.282 NLIKAYy 3 ¢
L YAYFGA2Y ow W 2YLX SE...L&aS. . {.LANI.f...2220N1IKAY 3Q

' YAYFGA2Y oo W/ 2YLX SE . I aS {.LIANI.L...a22200NLIJKAY 3 & A
L VAYF GARKYVE S n9 S22 Yy Sy d.A L.t . w2.0L.0A2)y0....29

L YAYLF Gao2ya Sop9 BHAZ Yy SyLdA L f...w2.0.L.0A2.Q..... 297

greg ehmka, 2013



A New Coordinate System for Complex Numbers 14

L YA YL
L YA Y
L VA Y
L YA Y
L YA YL
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L YA Y
L VA Y
L VA Y
L VA Y
L YA Y
L YA Y
L VA Y
L VA Y
L VA Y
L VAYLI
L VAYLI
L VAYLI
L YA Y
L YA Y
L VAYLI
L VAYLI
L VAYLI
L YA Y
L YA Y

GA2Y 0@&.WOL.L.ALWNAO. { . LIANLf .., 301

GA2Yy o7 .WLANE..CELS. L.SLAEQ. ... 318

A2y oy WHYR 5S3INBS..b2y.fAY.SLNI3MANE ¢& LIS
A2y od WoNR 5S3INBS..b2y.f.A)Y.SLNI3ROANE ¢&LIS
GA2y nn Q. &S | yR.AY.R.[.5.ASf..9.B8@ySyid I N
GA2y nwm Ww2il.dAy3d. LLELAa0E.S..¢24SNU71 St AEQ
GA2Y nH .QLANE..CELS. KSLAEQ. ... 349

GA2Y no Q/ 2NY.dzO2 LAL...1.Sf.AE..Cdz/ . CB6M 2y &Q
GA2Y nn We¢g2 S5AXSY.aA2Y.Lf...wlRAIBSR 2 gSQ
GA2y np QniK..[.S@Sf. .. 9ELRY.SY0..1.586% EQ

GA2Y nc QLSEAE.LY.0LARSNKGAL.G.A.GSB76

GA2Y n1 Q/ 2NNB&ALRY.RAY.I..LSLAE..B33NAJI G§ABSQ
A2y ny Qn5A Cdz QiA2y...a2NLKAY.B8Y 2y O0S LI Q
GA2y ndp Wt2fey2YALi. . . a2NLKAY.3.. B8 00GA2YQ
GA2y pn Wt2fey2YAlf.. . .a2NLKAY.32.3B8y00GA2Yy HQ
GA2y pwm WIOELRY.SY.GALE. .22 NLKAY.I.CB86

GA2y pH Wt SNA2Z2RAQ..QOELEZY.SY.(.AL.£..3872 NLIKAY 3 Q
GA2Y po Wt.L.NL.a.2.f.A.Q...a2NLKAY.3.Q....388

GA2y pn W[ Adal.22.dza..a 2 NLKA.Y. 3. 1.5389

GA2Y pp W[ AAdal.22.dzi..a2NLKAY.3..0.53810

GA2Y pc WY{SO2YR..5SNARGL.GLAGS..a2NBRKAYIT H5Q
GA2y p1t WY{SO2YR..5.SNARAL.0LADS..a2NBRKAYI 05AQ
GA2Y py Wa2NLKAY.3..{.1.S6SR...{.LIANI3DE H5Q
GA2Y pdp Wa2NLKAY.I..{.1.S6.SR..{.LIANIIE 05AQ
GA2y cn W{AYLEBA OQSNRRRAQO..w2.0.L.03872Yy /285
GA2Y ¢cm W{AYLIX S tSNAR2RAO.. w2.0l.038Ry [/ 2STTA
GA2Y cH W{AYLIX S t SNA2RAO. w2.0l.038Ry [/ 2STTA
GA2Yy co UYOAldeA |/ yI INDRE AL2NAL R LBANNG: ARG A.... A0 Q

GA2Yy cn  UYOAideA |/ yIF NI Al 20N, R LOANNGE AL(G.A....405 A Q

GA2y cp .WILSEAE.a2NLIKAY.3.O e 407

0 Ao2lya Sc c9 BEAR v S yLd.A L £ .w2.0.L.0.A.2 Q... 419

GA2y ¢cT7 Waz2NLKAY3I. . LyR.w2iliAy.:nry 9ELRYS
GA2y cy WENRL.Y.3dA.L.NL.[.21.8y.3.5.0.....437

GA2Yy cdod W{ldz& NB..w2.0L.0AYy. 3. 9 ELR A8y GAIf Q
GA2y 1tn W I NRAZAR..J.AYLEQ2Y../.dz0.A485 { dzNF I OSQ
GA2y ™m W{S@Sy [ 22L).9ELRY.SY.(AL486 / doA O { dz
GA2Y TH IWNBIYRX.S.. . L2YLE.SE. e 447

GA2Y To W/ ANDdz. LE.NJ.L.Sf.AE..6.2.NHzA..428 NA L A2y &

greg ehmka, 2013



A New Coordinate System for Complex Numbers 15

VAYL
VAYL
yAYE
yAYE
VAYL
VAYL
VAYL
yAYE
yAYE
yAYE
VAYL
VAYL

GA2Y
GAZ2Y
GA2Y
GA2Y
GA2Y
GAZ2Y
GA2Y
GA2Y
GA2Y
GA2Y
GAZ2Y
GAZ2Y

yp

W/ ANDdZE. L NI LS EAE. {.K.L. LIS 3479

We¢ NA |y 3dzf F NI [.21.8y. 28 Ay490 LI OS ¢ NI
We NAF y 3dzf | NI [.20.8y.3.S8...Ay492 LI OS ¢ NI
Wi 5. .20 0 NLLRANSY.Q 495
WH.5...4.2.0.L.NL.{.8.8.0.8Y... Q... 496

Wh NB Ab.A... LY. R....2. RALE..w2.0PTO A2y &4 Q

Wo.5.. . .{.20.LNLL2AGLSY.Q e, 498

Wi .SEAOLL..{.20.L.NL.&2.AGSY.(099

Ww2 4.L.0A Yy 3. L ANDdZE LN L.S.E58102 A RQ

Ww2 (0 LAAY. 3. 6Ny A ASNES....25D205S Q

WwS OALINE QL.f....w2.4.L.0.A.y.3....[584NDdzf | NJ | S
WwSOA LINE Ql.f....w2.0.L.0.Ay.3..6588 yadSNRES

Animation 86¥/ A NOdzf I NJ ¢ NI y a @SNR.S...{.0.L Y. RA.Y.3508 I S Q
Animation 87%/ A NOdzf I NJ | St A.O2AR...{.0.L.y.RAY.2..250BSQ

greg ehmka, 2013



A New Coordinate System for Complex Numbers 16

1.0 Imaginary Numbers and Human Experience

Generally speaking imaginary numbers are often thought to be, at worst, an annoyance, at
times, a reluctannhecessity and, at best, strange but of undeniable usefulndsshe same

time there is a striving to know just what exactly an imaginary numbek short survey of
various online forums shows interesting discussions wherein one writer typicallyadsksg an
intuitive understanding of the imaginary unit,and other writers attempt an answei-or
example here, orhere. Or if the forum is somewhat more science oriented, the discussion
centers around visual/physical representations of imaginary numbeos.examplehere.

The source of these types of discussions stems from the wide agreement asaigeheaic
definition of the imaginary unitand the perceived, by some, insufficiency as togkemetric
definition ofi.

The algebraic understanding is, of course, this definition:

QN p
along with comments such as this one from Leibniz and similar others:

"From the irrationals are born the iropsible or imaginary quantities whose nature is very
strange but whose usefulness is not to be despiSed."

The current geometric understandingias as units along the vertical axis of the complex plane

along with the intuitive sense @f rotation. These are described by the Argand Diagtam!

YR SEGSYRSR @Al O2YLX SE ydzYoSN& (2 | OANDES
Q Al-O ®EF

about which there is a similaluality as to wide agreement on the algebraic meaning and an
insufficient understanding as to the geometric meanifidnis duality is typified by comments
such as this one by Benjamin Pierce:

oGentlemen, thats surely true, it is absolutely paradoxical; we cannot understand it,

and we don't know what it means. But we have proved it,
and therefore we know must be the truthé

and mae recently this one by Scott E. Brddie
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G!'y AYyGdZAGA GBS dzy RSNBUOFYRAY3I 2F 9dzf SNH& F2
remains elusive, notwithstanding hundreds of years of conteriipk 2 y ® ¢

3Di coordinates offers a significant, and as will be seen, a very satisfying advance in the
geometric understanding of imaginary and complex numb€¥se that implies a direct
connection to human experienceAs suggested in the introduction tbis article, imaginary
numbers can now be seen to have these two additional definitions:

LY GKNBS RAYSyaiazyas AYFIAYINE ydzyR&NHE | NB Y
numbers are measurements on the horizontal and vertical directions. Mathexiyatidepth is
imaginary.

In three dimensions think of an i rotation as going from the horizontal or vertical to the front
rather than from the horizontal to the vertical as in the two dimensional complex plane.

In order to establish this direct connectiém human experience it is useful to note that

imaginary and complex numbers have historically not been seen to have a direct connection to
human experienceThephilosophicatoncerns relative to imaginary numbers no longer

generate much discussion butd direct connection to human experience is still insufficient.

CKAa A& aSSy Ay [SAoyAl Qa 02@S 1jd2iGS YR AY
Wigner:

The complex numbers provide a particularly striking example for the foregeenginly,
nothing in our experience suggests the introduction of these quantites.

Surely to the unpreoccupied mind, complex numbers are far from natural or simple and they
cannot be suggested by physical observatibhs.

3Di coordinates seeks to establish this direct connection to human experience beginning with
some simple visualizations:

Aswed I YR YR LISSNJ) 2dzi +&4G tAFS ¢S alyBas GKIIG &
we are rigorous about what we are actuadlgeingd KSy ¢S R2y QG | Oldz tfe& &°¢
two dimensional visual screen with an ever so slight sense of depthodoi@acular vision.

People who have only one eye functioning are acutely aware of the predominance of this two
dimensional screen.
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C2NJ SEFYLX S AT &2dz 61 f1 R2g6y GKS aGNBSG FyR
actually see anything other thahe front of the building.What we refer to as the facadis a
two-dimensional view which is even more pronounced if you close one eye.

LF S R2y Qi Y20Ss YR GKSNBFT2NBI O2yliAydzsS f 22
eye,wecandraw atwRA YSy aA 2yl f O22NRAYII (0SS aeadsSy Ay 2dz
of the building could be sketchedesigners and architects do this all the time. They are

sketching what one would actually see.

Mathematically, the exact point at which the eye wolddk, without moving, would be the
origin. And, we could draw a horizontglaxisand a verticay-axisfrom that origin point.

Now, if you happened to have had your eyes closed while someone else guided you to this

exact position, standing squarely N2 y i 2F (KS o6dzAf RAy3IX GKSYy K24
were looking at avholebuilding, rather than just the backdrop of a theater set or just the

facade of a Hollywood set?

The answer, depending on how well the film or theater set was constructeaaiyou would
NOT know.¢ KS GNBadté 2F GKS o0dzZAf RAY3IS 2N gKFEGSOSNI
imagined.

In another example, a friend once told me of an acquaintance of his who only had one eye and
who liked to play tennisAs the story goes the oreyed tennis player had to train himself to
observe thegrowing size of the tennis balt it moved toward him to know the proper distance

at which he should hit the ball for the return.

An even more striking example of this can be found in flight traifongilots. If a pilot is flying
under VFR (visual flight rules as opposed to IFR, instrument flight rules), as another aircraft is
observed, it is critical to determine whether or not there isetative motionbetween the two
aircraft. Here is one quie of the principle that can be found in many places:

if another aircraft appears to have no relative motion, but is increasing in size, it is likely to be
on a collision course with yét

Quite likely some interesting thought experiments may be conducted as to under what
conditions it is possible to know whether or not a tennis ball is of constant size and approaching
or at a constant distance and growingsize!

2S OFy Fftaz2 I|al auzMsoSHe diSahce that apidars to heunobsiréable
G2 GKS LAt20 06SG6SSy GKS (62 ExtehdidgiNg idquiry jidt I G | N.
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' 0AG FdzZNIKSNI al 2¢ R2 $asderiedSwhiclycar\sBdRIlde® G A 2y 2 F
determine the distance precisely, differ in terms of measurement fromtype of

measurement possible in the horizontal and vertical directions which, traditionally, uses
"measuring sticks"?At the very least, a radar ¢aser beam requireBme and a measuring

stick does not.

CNFYAFSNNAY3I GKAA ISYSNIf AYyIldzANE Rk NBada f & (2
assume a oneyed view? Can the common human experience of binocular vision, or in certain
cases thebsence of it, be suggestive of imaginary distance?

LF AGQa GNUzS (KIFG ¢S Ydzald AYF3IAYy SordepthG 32Sa 2
direction of perspective or imagine the distance to an object, moving or not, that is directly in

front of us then possibly imaginary numbers can be combined with the real plane to form a new
three-dimensional coordinate system more closely representative of what we actually observe.

In other words; To the degree that mathematics assists us in understanding whresve

as we look out at life, we must acknowledge the fact that what we perceive includes both seen
and imagined components. Consequently both real and imaginary values must be included in
the mathematical representation of it.

As a final example, spetirelativity theory with its concept of length contraction in the
direction of travel or parallel to ff* also is suggestive of a different quality to the third or
depth dimension.

Althoughquite interesting in and of itself, how much of the foregoing discussion is factual or
truthful is not what we wish to determine hereThe introduction of 3Di coordinates only takes
the very small step of declaring that the third or depth dimension fBcently different from

the horizontal and vertical directions to warrant a slightly different mathematical treatment.
And that slightly different treatment is only to define the third dimension as being imaginary
analogous to theg-axisbeing definedmaginary in the complex plane.

As it turns out this small step of defining the third dimension as imaginary brings wonderful
new results.
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1.1 General Characteristics

The Three Dimensionaoordinate System for Compumbersa OF f f SR a05A Q 6 KA C
FONBYeE@&Y F2N W¢ KA NIIS Bayed ohdhe Bliwirtelnitiah and NEB Q
characteristics:

1) In three dimensionsimaginary numbers N3 Y SI adz2NSYSyGa Ay GKS
Real numbers are measurements in theikontal and vertical directions.
Mathematically, depth is imaginary.
2) In three dimensions think of d@otation as going from the horizontal or vertical to
the front, rather than from the horizontal to the vertical.
3) AWRA YSvy aA 2 yis thkertolfuhdhddd. @ié&afing, functions are categorized
08 (KS ydzYoSNJ 2F RAYSyaAiazya (GKS LI NIAOdzZ |
meant is essentially a variable.
4) One of the primary points of view is thaaginary dimesions are as equally
important, and as equally preserds real dimensions.
5) The primary purpose of the-eook is to present a wonderful array of the many new
Fdzy Ol A2y a Yl RSnditdgiphihese Sinciiods. Wo 5 A

To make it a little clearer, witthis model we could say that the usuahl planemight be

RSaAAIY Il (KB 102 YWIH 5 E Ghéf usugl $eal spiace dsHaBd\tis system as
3Di.
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1.2 Associated Dimensions and Functions

Functions may be categorized by the number iafi@hsions i.e. variableg=or this

categorization, the presence and numberi@a Ay GKS RSaAA3IAYIFGA2Yy RSy2i
imaginary dimensions or imaginary variables. Continuing from 2D, 2Di, 3D, 3Di we may have for
example, 4Di, 4Dii, 5Dii, 6Diii anal @n.

The functions that are graphetherefore, aseciate the number of variablesncluding both
input and output- to the number of dimensions and give rise to the follomusgful
categorizatiorof typesof functions:

3Di ® Q& Qw helixes,polynomials, conicselliptic and
hyperelliptic curves

4Di & Q& "Qud function norphing
4D Q& "QafiQo helix morphing
4Dii 0 Qd Qw Q— complex natural logs
4Dii @ Qw "Q— Qa complex imaginary logs
4Dii @ Qg Q6 "Qu closed and opersurfaces
w Q6 "Qu
5Dii (0w Q6 QU circular sirffaces
Qa Q6 "Qu
® Q6 Qb
6Dii |® QO Qi closed surface objects in motion
VA Q6 Qlwd

With five andsix variablesow becomes exclusivelyneoutput variable whereas in lower
dimensions it is usuallyoth an input and an output dimension.
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1.3 Examplan 4Dii

As can be seen in the Table of Contents, this eBook organizes all of the many and varied
functions by their number of variables cgistent with the table above. Here is an example of
4Dii which generates a new interpretation of tagponential/natural logunctions:

6 RaQ 9
1o Q1 o g

In 4Dii thesdorm asimple geometry of a rotationfdhe usual exponential grapfhis way it
canbe§ Sy G KI G GKS oPthe/ldyAuyclionehictiishblv ypOrkhviodhree
dimensionscan be interpreted geometrically astationsof the threedimensionalexponential
graph with "Q-sspecifyng the amount of rotation. In this way, the multalued nature of the
natural log function is simplighe state of rotation of the threadimensionalkexponential graph.

3Di coordinates allow theomplex exponenél function and its inverse, the complaatural

logarithmic funcion, to be displayed as a fedimensional function with a wonderful
geometric interpretation.

Animation1 Q w 2 { | xjokeyitidl QaphQ
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Any point on thegraph at any state of rotationis uniquely specified by the four coordinates
ot —as follows:

wis the real horizontal axis coordinate.

wis the real vertical axis coordinate.

"Qds the imaginary depth axis coordinate.

‘Q4s-the imaginary rotation of the exponential graph.

This interpretation also shows why the natural log of zeropf «fiQa  THTQ, is not possible

since any point with these coordinatesnot onthe graph. Eithetwé i"Qénay be zerpbut not
both.

| RRAGAZ2YFEE&r OKIVIAMD, Gk/QRrB0 W2 FINGSE  WNBIAS2 v |
6 QU

®w QaQ

1o Qa 6 Qo

forms asurface bygraphinga complete revolution at onc&here any point on the surface is
specified by the four coordinates:
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See sectiorl1.23 The Four Coordinate Compkexplog Surface
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As the eBook progressesioving from one category of functions to the next, when the number
of dimensions/variables becomes greater than fomhich may be thought of ake four
observable dimensia) we can formulate a notion admbedded dimensiorteat play more of

a parametric role.

For example, in 6Dii:

® Q6 Qb
6DIi |00 Q6 QW
QA "Q6 Qi

there would be the usual three spatial dimension$ufiQglus the usual motion or animation
dimension indtated byW {iTéeRe four would be the observable dimensiodsd then two
more dimension indicated by, in this case, "‘Qwhichwould be the embedded dimensions
playing a parametric role.

Thepoint in this modeling, again, is that dimensions would be characterized by the number of

variables, rather than by any intrinsic properties of a space or an object135keObservable
and Embedded Dimensiof@gr more discussion.
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2.0 3DiMeansd ¢ KANR 5AYSYaAzy

2.1 Constructing the Coordinate System

la ¢S 221 G GKS 0dzif RA Y IvRdan Makeorlhd® \Be séeh (0 K 2 dzNJ
correspond to the real planéccordingly, weould thenspecify functions on this real plane of
the type:

®w Qw

The horizontal axis takes on the valuesp@nd the vertical axis takes on the valuesi8fAnd,

in accordance witengineering desig (as well as everyday usagepwill OF £ £ GKA & GKS Y4
@A Skeumher, sinceitiseal LX ' yS ¢S gRANE Y DI NB FRR dnd#idkKy6S @ 2 NJ
modeling we can designate it as 2D.

Belh Yy R ( KS 0 dzA f Rdussed ethirdlimeasidR 8nd iveighve tBaf dimension the
variabled - as thedepthaxis. We can designate this as 3D.

So, we have thus far:
W MBI Qd EcE@d a
® J0 Qi o B Gix
a oMQQMNOw QI

This idifferent thanthat which is used in some othapplications, particularly surfaces, where
ais often used for the vertical direction.

al dKSYFiAOFKftes GKS LINROfSY Aada K2g (G2 aLISOATe
cannotseell KSY @ | 2y @SYyASyildtes YIFHGKSYIFIiAOa KIFa |y2(
which usesmaginarynumbers.
This plane uses the following:

® OMAB i "Qa ECEWW &

Qw N Qi 6 I
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This plane is usually callédbut we will designate it a8Di. Here is a clue:

LT AGQa d(NHZS GKFdG ¢S Ydzad A Yl &ckde@h dagtiondf 32 Sa 2
perspectivethen possibly imaginary numbers can be combined witmegakplane to form a
new threedimensional coordinate system.

So then the problem would be how toombinethe real plane with the complex plane?

In the complex plane the real values are in the horizontal direction. This is the samerealthe
plane. So far so goodnd, in the omplex planethe imaginary numbers are in the vertical
direction, whereaswe wart them in the depth directionSq if we take the complex plane, as
we look at it, and thertay it downflat in front of us- effectively rotating it top-endforward,
about the horizontal axisthen the imaginary numbers will be in tiierward-backward or

depth direction, rather than the verticalThen by changing the axis nanfier the complex

plane from"Qéo "Qdor the depth direction in our new threglimensionakystem we have the
new coordinates and we can designate thi3Bs.

This would be the same as taking our initial x, y, z space and multifign® cXd ¢ "Q'Qan'Q
the depth direction.

Thiscombined real and imaginary plane construatadlows us to write functions of the type:
®w Qa Qw

in which:

i.  The real inputowill be graphed on the horizontal axis.

ii.  The real outputowill be graphed on the vertical axis.

i. And, theimaginaryoutpuR@ At f 6S 3INF LIKSR 2y GKS GRSLI
Sq in stepby-step progression from 2D to 2Di to 3D tDi3we have made théransition from
two dimensions to three and combindle real and complex planesvith our eyenow at the

origin ofthree axes instead of two.

But wait a minute5 2 S & Yy Q Gatioi WeSustSvipte normally mean onlgurves on the real
plane since:d T

Well, the answer idt dependslIf "Qw onlygenerates real numbers like these functions:
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Vw w €iMQw Q

Then yes,a would always equal zercand so"Qawould equal zerpand- very important- our
functionwould only exision thefront real plane (FRP.) But take, for example, a function like:

®w Q& Qw

Then o would always equal zero rather tha3And, we can ask the questiokVhere would
this straight line lie?

Sincew(the vertical axis) is alwayero,this line lies entirely on thecfiQdplane which is the
horizontal and depth plane. This plane cannot be seen by our eye at the origin of the front view
since it extends directly favard and backward of our eye. We will call this planetbp view.Q

And since itis an imagil NB LJ | Yy S Gt6LI 6M X If 3 XOyFof M@ TIPLIE 1y KSQ W

In order to ge this plane we would have to look down onAtnd if we digthen the straght
line would looklike:

top view TIP'

And, in three dimensions:
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+y

3D straight line with vertical component zero
So the function:

®w Qa Qw
can produce threalimensional space functions that have imaginary part zana lie only on
the frontreal plane or functions that have real part zerandlie only on the togmaginary
plane. By extensionQw can producecomplexnumbers that lie neither on the front reahor

the top imaginary planedut anywhere in spaceAs we shall seghey may also ligoartly on
the front or top planes as well.

Now consider thehree-dimensional spactunctionformed by the Euler Formula:

w QaQ Al EOEI

in which:
® MBI "Qa ECEW &
O OO Qi 6 MDA T
Qa FMQ Q D w QI Ed
Thisgivesthe resultthat, in three dimensionsd dzf SN & C2NXdz | LI dasSa GKS
Fdzy OlA2y&ad 9dzf SND& T2 N)ydz | 0 $hé&mivzénial akis. KSt A E

Its real value output gives tremplitude in the verticadlirection Y R A 0 Qa A Yl IAY | NB
the amplitude in the deptldirection.
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¢KS a9dzZ SNI I Sf AE¢

More onEuleQ & C 2 NJdlk ih sedtigftkd 9 dzf SmddIaUpgtaded Helixand Spiral
Functions

And as we will sethroughout this bookpne of the advantages @Di isthat f(x) itselfmaybe
treated as a threedimensional function andeneratecomplex numbeputput from real,
imaginary or complex inpuandby sodoing allowall three dimension$o betreated in one
equation
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2.2 A Left Hand System

The positive directions are rightip, and forward (the direction we are lookingAnd, this
makes a left handoordinate systenin which from the origin

|.  thumbpointingup - the vertical axis takes onpositiveNB | £ W& Q @I f dzS &
ll.  indexfinger pointingforward - the depth axis takes onpositiveA Y 3 A Yy | NB Wi
values

lIl.  middlefinger pointingright - the horizontal axis takes onpositiveNB | f  WE Q
value

3Di is a left hand coordinate system:

fe it Hhuemd
*y

le ) index Finger
+iz

le ' miadle
Finger

X

greg ehmka, 2013



A New Coordinate System for Complex Numbers 32

2.3 Projection Planes

With any given 3Di space functiody & Q" Qo , there will be sixesulting twedimensional
Projection planeSwhich are the two sides of the three colored planes shown below.

Of the six esulting twedimensionaplanestwo2 ¥ (1 KS Léallpigng€and fodkIBfthéd NJ
LI | y SidagihaSt MNyasfallows:

i. Both sides of the violet planghorizontal axigreal) and vertical axi¢real) -
oo , which we will call the front and reaeal planes.

il. Both sides of the red planehorizontal axis (real) andiepth axis (imaginary)
atiQ g which we will call the top and bottorimaginaryplanes.

ili. Both sides of the blue plangdepth axis (imaginarngnd vertical axis (rea)
"Ofwo hwhich we will call the left and right sideaginaryplanes.

In practice ve wil rarely, if ever, use the reand bottom planes and only occasionally use the
left side plane.
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Frontrealplane «fwo hprojected fom®w 1 Q&b :

Topimaginaryplang ¢fiQq projected fom Qa "Qa 3 :

greg ehmka, 2013
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Qo Qa6 WD

Rght sideimaginaryplane "Qmo , projectedfrom O 10D

+z

Going back to the idea of standing in front of a building with one eye clodeat we actually

GdaSSE G§KS WT NaPRRB Thalsg view dnlfl theyfigigie viewmust be imagined

and thereforewecaft G KSY (KS W{i20tTIPEY Y RAVKSE WNIRAK8QAEARS
LI | ¢ RSIE

What we are asserting is that to the degree tinaathematics and geometryin particular,
assists us in understanding what weag@ave as we look out at life, we must acknowledge the
fact that what we perceive includes batbenand imagineccomponentsConsequently both

real and imaginary values must be included inrtteghematical representation of it.
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2.4 Real, Imaginary or Compl&xnctioninput and Output

The termst¥eal functiorQW®omplex functio®@¥omplex valued functicd¥omplex valued
functionof a complex (or realvariabl€and so onhave different definitions by different
writers.

One difference being tha 2 NJ I WO 2 Y th# réhge oflydrgetingédit@ bé Somplex by

some,while the rangeand domainare defined to be complex bythers. This is further

complicated when one attempts to graph the various potiés andneedsi 2 | £ £ 26 F2 NJ 4
RAYSYAaA2yaoQ

Using a simple logic table we hathese possibilities:

€601 GBAEN 060

Input© Real Qly Imaginary Only Complex
Output

8
Real Only ®w Qo ®w "QQU W Qw QU
Imaginary Only Q4 Qw "Qa "QQ0 Q4 Quw Q0
Complex ®w Qo Qw ®w Q& "QQu ®w Q& Quw QU

In 3Di, whether the output is compleinaginarypr realA & y Q (i tan®in akdYof.igeNJ
because what this means on the graph is that the output poiettiger in space, on one of the
imaginary planesor on the reaplane respectively.

Further, when we consider the possibilities of a complex igmat complex outputve do, in
fact, have four dimensionsAdditionally this fourth-dimension can be rear imaginaryas in
the following two examples:

O Q& Qv
®w Q& Qo QU

In the first we have three real dimensions and one imaginary dimension. In the second we have

two real dimensions and two imaginary dimensions. These may be delinea#diaand 4Dii
respectively
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What this means is that a function with real input and real output will show up onth@n

front real plane (FRPReal input and imaginary output will show up omyhe imaginarytop

view on the TIP. Real input andmplex output will show up in space and so on. If a thoee

four- dimensionakurve isprojectedto one of the twedimensional plangnly two of the

three (or four) values will be grapheaind this will depend on which plane the curve is being
projeded to. In the case of four dimensions there is the additional choice of which input values
to graph.

With five dimensions:
W Qd Qw Qo

A

¢CKSNBE IINB ddKFdG YlIye Y2NB OK2A0Sa 2F gKAOK

greg ehmka, 2013
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2.5 Projecting a Space Curve

To futher illustrate how a threedimensionakpace curve iprojectedto the front, top and
right side planesplace your left thumbindexfinger,and middle finger innitial position and
then:

i. For thetwo dimensional projectiowview of the$tont real plan€XFRRP, hold your fingers
and thumb in initial position poimgthe index finger forward, thumb up and middle
fingerright. Then raise the hand to eye level until you cannoegkee index fingerThe
intersection of the thumb and middle finger is the onigif the FRP.

ii. For thetwo-dimensional projectiorview ofil KS Wi 2 LJ A YTIFBhich d@® LI | y S«
real values for the horizontal axis and imaginary values for the verticahaisyour
fingers in initial position and rotate towards you (around th&ldie finger axis) such
that you point the index finger uand the thumb towards youlhe intersection of the
index and middle fingers is the origin of the TIP.

jii. For thetwo-dimensional projectio®@A S¢ 2F (G KS WNA I RSEIP,AAMRS A Y| =
your fingers and thumb in initigdositionandrotate clockwisg(CW)around the thumb
such that you point the middle finger at yourselhe intesection of the thumb and
indexfinger is the origin of the &KP.
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Now to bring this dltogether:If we take an arbitrary space curwehich, as we will see later,
has the 3Di equationdy "Qa Q w:

Here is the 3Di graph:
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Animation 2 Qdace @rvS Q

Projecting to theFRPw 1 'Q ¢Xdx W :

B

4

Projecting to the TIPQa Q& @ W :

greg ehmka, 2013

39


http://youtu.be/bSU5kQBPOc0

A New Coordinate System for Complex Numbers

3

2

LAALALARADAL AR
T e _

And then, combining athree projection viewsi-RP in violet, TIP in reSIP irblue:

greg ehmka, 2013
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X

See sectiod n 9 anlmiuld BaBradegEielixand Spiral Functiorfer more on the Euler
Helixand other helixes and spirals.
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2.6 Conics n 3Di

Ini KS 02 2 NR A3pDthedormadcanic §pérbata andhormal conicellipse are two 2D
views (rthogonal to one anothégrof the same3D object!

To illustrate the basic idea here is the usual equation of a hyperbola:

£ €
e e
o

And, witha=b=1and C=1,

And, the normal graph in 2D
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If we take anotherook at the graphand this time ALSO incudlee interval p @ pqd,

The graph line joining the vertices actually graphsréad value of ywhich is zerat each
point, if the domain of x is allowed to take on values between 1 -dnd

With C p,in anormal 2Dgraph there is a gap between the two vertices in the X, y plane
(FRPx is horizontal, y is verticalJhis is because the values for x between the two verfites
inserted into the equationproduce complex numberand are therefore not usugl shown
Now that we have an interpretation for these numbgasid allow them as part of thdomain
what shows up in three dimensioisacircle inthe ciiQ@lane(TIP,was horizontaland Qés
vertical)in between the vertices!

The associateellipse/circle in TIP:
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+z a1

PN

And then seeing the three dimensional view:

A

G/ 2yA0¢é 1 @LISND2fI 2AGK hNIKz232ylFf [/ ANDtS
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Animation3Q o 5hi0 @

The TIP circle mthogonal to the FRP hyperbgoknd is not visible in the Front Real PI{R&Fp
view, becausehe normal 2D plangraphsare projectionsThe circle only becomes visibitea
3Dview, or whenviewingthe Top Imaginary Plane (TIP) directly, thainsop view.

See: Sectiod.1 Quadratic Input and Outpubr further discussion of the verticesnd
WOoATFTAINDI A2y DQ

Additionally, mtice that when squae roots are takentwo three-dimensionafunctions are
generated:one for each roat See next section.

2.61 Conic Nonlinearity

¢ KS (SNY ay zxnftidEhacthentds artexponentther than oneon the dependant
variable In the dove hyperboleellipseexample when we take the two square roots, if
complex numbers are generatgithere are actually four values output for each single input.
These are the real and imagiygparts of each root.

Sq the hyperbolaellipseequation:

greg ehmka, 2013
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£ €
e e
(@]

with a =b =1 and C sdnd rearrangeglis:

and, in 3Di becomes:

W Qa W p
In this formthere are two output valueg one real and one imaginaryfor each root (function)

produced for each input value.

Both of these roots are then graphé@daccordance with the 3Di axeZheinput wbeingon the
horizontal axis(Left middle fingemointed right) The real outputobeingon the vertical axis.
(Left thumhb pointed up) And, the imaginary outpu& y (i K S axi8.RLefLiidexd@nger
pointed forward)

This then gives thetwo separate functios generating twathree-dimensiondspace curves

®w Qa W p inred:

®w Q& W p inblue:
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As wego on, weshall seghat whenever roots are takenmultiple 3Di functions are generated.
This provides #ool for the andysis of nodinearity; meaning exponents on the dependant
variableof any given function.

The two functions given by:

W Qd W p
byaddingii KS y 2 (DeindiveeNumige) >W

®w 0wQQ

where Qis the'Q root of the¢ roots of unily, these two functions can be written

inwhichQ ~ meansboth second roots op8And individually:

Q - phdMQQIiiiéckE o
Q " phoMi Q& &#B 0

Sq with athird degreeexponent ony:

becomes:

And, 'Q ~ means all three cube roots pB

~ o~

W @G0Q " 6°0VTE onéQ phgho

And, individually:
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"Wo . L
_p 0 —h emQidicnd® & op

‘Wo . v e
@ 2 2 —homi QOEBR E op
Q - phdMIMI B d'@ & 6p
with: 0 Tweé Qe 0 QI pwd @(first root in blue second in re@nd thirdin blach,

note that the segments of the three functions that asethe FRP are the upper half hyperbola
part of the black graphand the lower ellipse part of the blue graph.

Animation 4 @onic NonlinearityQ
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Thesecondcuberoot graph (ed):

For any degreé on the dependant variable:
w w 0
the individual roots functions are:

—_ v —

® QA "o 8

in whichQ ~ are all of thee &oots ofp for any degree 8In section
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4.59 Lame Curve Bifurcatiome will see that the exponent oimay be any degree also.

Seealsa section7.1 Helixand SpiraNonlinearity, section4.11 Quadratic Nonlinearifyand
section4.65 Polynomial Nonlinearity

greg ehmka, 2013
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2.7 Helixes in 3Di
The simplest helix graph is generatedbylzf &MNaohin 3Di coordinates:

w QaQ
Interval 1™ © T“:
S Bt
TS
{ } \
S 4 :
i
—
Fd .I
|:.\ /."

A simple coefficientQn the exponent determines the frequency:

®w Qa Q

withQ p d

As we go through # sections of the book, lecomesOf S| NJ ¢ Koémula idziedanddd &s C
the most remarkable equation in mathematics. It is innate almost everywhere.

See sectin 6P n 9 anleriulé WaBradegEelixand Spiral Functiorfer more discussion.
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2.71 Beat Helix
By adding a second termith afrequeng/closeto i KS FANBEH G2V SEAEQWNEB & dzf { &

® Qa0 Q
with @ ¢ i'Q p ¢b

FRP

l_||]:_:l|”“|-”“Ih_JH“i--ill“h_dll“l-|”“|h_Ll|“
(LA A LA AU

TIP

Hm.,.|IIH._.,.ulIIIJ.,anuHm.,lllllh,.,.nllh.,mn
IR L A R
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RSIPQ¢ 0 Qi © W& ¢

Three plane projection witf) ¢ i'Q p Q¢ 6 Qi ¢ & @D
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3Di object withiQ ¢ i'Q p Q¢ 6 Qi ¢ O& @D

A
I
r||||

! |
I i lﬁl A ||'|| | | ‘ || ‘ | ‘
THAD LR

| lJ |i‘ U ”‘

Animation5Q. Selid Q |
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As we shall see in secti@0 HistoricalCurvedn 3Di simple sums of helixes with different
frequencies and amplitudes wpitoduce in side viewliterally dozens of the classical curves of
history. Here is an example that resembles ondeEpicycloid/Hypocycloid family:

RSIPwithQ p @h'Q 1®&h Q¢ 6 Qi ¢ OG& ¢

2.72 Combining Bases

Virtually any algebraically valid statement can be effectively graphed with no special
significance given to multiple basdx they the same or different.

As a simple example, consider the equation:
®w Qa Algr Q

which is equivalent to:
W Qa i QQaz Q
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More on the'cbase helix in sectiof.51 The' @A A @& D1 T A aSilndelway the two bases
interactsuchthat the two separate periodicities produce one helix:

withinterval 1t © 1", hereisthe FRP (the real pabdin violet)and the TIP (the
imaginary partQan red) superimposed

And then,superimposing the RSIR¥mo with cwungraphedn blueand zooming in:

2
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In 3Di with-12 < x < 12

\%’ﬁ‘}v{ =

Animation6Q¢ g2 elika$s |
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2.8 Exponentials in 3Di

2.81 Exponential Graph Rotation
As seen in section 1.3 in four dimensions beginning here with two dimensienssual
exponentialfunction that shows up in two dimensions has equation:

In 3Di thisequation would be:
®w QaQ

with & 1tfor all values otBIf we were to add an arbitrary imaginary constant, pa&yo the
exponent:

® QuaQ 8

the two dmensionalgraph, i.e. the FRP projectiamred,would then be:

greg ehmka, 2013



A New Coordinate System for Complex Numbers

The two dimensional RS(fght side imaginary plangyojection for this red graph is:

L
t

fa T

And in three dimensions:

Normal exponentiajraphin black.
Normal exponentialgraphwith imaginary constanp® @ Q Q@ cony £ Hifdredd
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The effect of adding the imaginary constant to the exponent i®tate the graph in the

positiveimaginary or depth dimension.
In three dimensions think of aH fot@tion as going from the horizontalr verticalto

the front, rather than fromthe horizontal to the vertical.
This forms the basis of a new geometric interpretation of cteaxpogarithmsSee sectior.52

Rotating Exponentials

2.82 Inversel ambert W
Extending this notion of exponential graph rotation to, for example, the Inverse Lambert W
function:
QO 0Q

0 w Q—

with:

if we were to add a imaginary constant, e.g.:
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the equation becomes:

and in 3Di coordinates:

® QW o — Q

then the three dimensional graplin blue,is altered to:

This blue graph in TIP (top Imaginary plane) projection with coordinaté®ohas the graph:
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So, this is the same graph projected to the TIP and so appearstoph&w rather than on the
real plane. Other values for theta will rotate the graph just as with the usual exponential
function.

3.0 HistoricalCurvedan 3Di

A very large number of the historical curves, especially those that are inherently circular in
nature, can be produced by combinitygo or morehelixes and then projecting the result to
the side view.

3.1 The Elliptic Helix

The elliptic helixs the result of a sum or difference oo helixeswith the samefrequency hat
are reciprocals of one anothevith different amplitudes

The difference between a helix and its reciprocal isdbeelopmentGCW(counter clockwisg
for the helix andCW(clockwise@ for its reciprocal.

@ Q& Q ingray;
W Qa Q in aqua;
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Animation 7 Qeciprocd Helixea Q

If the helix and its reciprocal are added, depending upon sgjtiger the imaginary parts or the
real parts will cancel leaving ordyplane sine wave. Consequentty obtain the elliptic helix
the amplitudes must be unequal.

And sqthe equation for the elliptic heliis:

w QaoQ 060Q 0 0

And, in the planar view,RSIP (Right Side Imaginary PJpaesimple addition or subtraction of
the two amplitudes gives the semigor and semiminor axis lengths for the projected ellipse.

0 6 1 QD QI
0 0 | Qu'Me & Qi

In3Djwith:0 pwé ® ¢, andinterval ™ @ T1“:
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And h RSIP(hor., vert.) = Qo :

-iz

+iz
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3.2 The\@usped Hel®

Although we would not normally think of it as sythe elliptichelixA & | OGdzF £ £ & | Wi 6
helix. As we shall see this is a consequence dfrdtpiencies being equal. As we begin to alter
the frequencies of the two helixean amazing array of remarkable results occurs.

For example, leaving amplitudes and recigisdhe same, if we now insert additional

coefficients,a and b such that they becoméd ¢ ®& @ p, the two frequenciesddto give
0KS ydzYoSNI 2F WwWOdza LJa ®Q

3.21 Tricuspoid

w Qa 0Q 6 Q

TheNXB & dzfTiicusiwid HelixCatkl a corresponding Tricusiol in RSIP

Animation 8 Qricuspoid HelixQ

3.22 Astroid

With @& "Qa 0Q 0 Q @ ofw ph & & 1,andin this casechanging
amplitudestod ©:
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Animation9 Qstroidl Sf A EQ

3.23 5-cusmwid, Etc.

With ® "Qa 6Q 6 Q , 0 Tthd ph & & v

and, in this casechanging amplitudestod v | WLISy Gl 32y Q NBadef & 6K)
lessstraightsides depending on amplitudes.

Showing the RSIP on the left and, this titie, three planar projections separately on the right:

Y ¥

o 4

A
Vs \
/ ] \ B 1 . ; ," s S #z

-iz \ / #Hz
A T 2 4 10

X

There is a subtle differendkthe frequencies are changed @@ ofto ¢ even thoudn the
sum is, as above, stil @ u8The differel©S A & ( KSNB [dtlerthag aispE A S Wi
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Gontinuing witho

vRQ@Il helix on the right;

=
J

And, adjusting amplitude tod

pPB:

3

%’%M

Needless to say the possibilities atietually limitless.

74

This principle can be applied in masituations. See secti@46 SquareCornu SpirdFresnel

Integrals and sectionl4.3 Geometric Torus Surfaceand sectior6.54 The Elliptic Spiral
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3.24 Trifolium

¢ KS WwWOdza LJa Q Y with adjuSt@ehtdGmpitdZRSIIEPQ  { 2TridiSoid dzNY A y 3
F NB |j dsstyhgse Q

¢
e
€
Q

with: w Qa6 6Q ®w chd p
and, in this casechanging amplitudes to ph6 p

the result is the Trifolium

Y 4
ty

2

b " i -

3.25 RoseCurves Quadriblium, BEc.

The following coefficients produce the QuadrifoliumRSIP. The Quadrifolium is often shown
with a * 1 rotation relative to these figures.
For a simple rotation of any RSiBw, thecoefficient Q OF'y 0SS dza SRYI & | WNR

®w Qa QoQ 0 Q
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With'Q g,

Yy

#z | S\ L HZ
{ ' /

| =
\

Adjusting amplitude,

0 «c: o} C:

greg ehmka, 2013
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Rose dzNIJJ S a

27

by @

four petals/loops/cusps instead.

Larger frequencies produce larger numbersoaips, wisps, etc.

Withed ¢ bd chd & cude ®

77

YdzYo SNJ 2F WLISGI f aQ a¥indd.
There are harmonics involved. For exampie gho ¢, dthoughadding to eight produces

085

greg ehmka, 2013
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cd,

And, adjusting amplitude with

3.26 Epig/cloid Hymtrochoid Ejtrochoid Hypacycloid

Thedifferencesbetween these four types of curves become somewtlmatistinct as the
frequencies and amplitudeske ondifferent values The values foérced can bepositiveor

negative integerand any intermediate valueAll coefficients are valid prodiing a true infinity
of results The harmonics of and balso applyproducing additional results.

Eg & -l - 6 ¢
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With different frequencysigns & ohw ché p®h the interval continues to be
™ W T

x .-}r‘-fﬂ-'_-."‘\
Fo 1 1-|.
.I
\ ”—\.,7,-’
A
-4+
With & ¢hd ¢®hd ¢
7
; )
/)
/
With®d yh®d o pp v
4 3 . ¥
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3.3 Cycloid

The usual parametric equation of a linear cycloid
w wo WEjJho & TOAT®
In 3Di helix equations, sine curves and cosine curves are just the imagiméreal parts of the
helix.Sq if we begin with ssumof a helix and its reciprocand keep the amplitudes the same
then the imaginary pds will cancel, leaving us the real part:
w Q Q

This gives us what in the parametric set of equations would bedsmeportion, which, being
real, shows up in the FRP (violet.)

Interval ¢ o ¢":

Similarly thedifferenceof a helix and its reciprocal will cancel the real parts leaving us the
imaginary parwhichis orthogonal to the real part.

QaQ Q

greg ehmka, 2013



A New Coordinate System for Complex Numbers

greg ehmka, 2013

81



A New Coordinate System for Complex Numbers 82

This gives us whan the parametric set of equations would be temeportion, whichbeing
imagnary,shows up in the TIP (rgd

If we thencombine these into a single equation:
w Qa Q Q Q Q

and then, operate on the two separate parts in accordance with the parameters of a linear
cycloid:

w Qo wwQQ 1Q ®w VQ 1Q

greg ehmka, 2013
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L0
TR
A ARG G GRR I IAAG)
A R G G GRS
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PEEESEEETETES

Q p:

.

the resultirg helix, @
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If we then deconstruct the helix into its three planar projectioids "Q p (FRP in violef[IP in
red, and RSIP in blue):

+iz

+X

greg ehmka, 2013
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and then isolate the RSIP view two dimensionswith: @ "Q p:

I )
[ ]:z ‘ +jz

Changedo W1 Qcha@ngeftie slope of the heliWith a = 1the value of¥ frQducesthe three
different types of cycloidThecycloid, curtatecycloid and prolate cycloid
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86

With 'Q & the prolate cycloigicturedabove andwith 'Q & "MidM & ,thecurtate

cycloid :

b

greg ehmka, 2013
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With'Q & we havethe usual cycloid:
+

the line iz =i

-iz

+z

EBEAEERFIEEEFEEER

Notice that the cycloid is in the RSIP rgjladong theverticalline; "Qd Q

greg ehmka, 2013
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If we desired taclean it up for normal pres#ation - meaning have the linear choid rolling
along thex-axis in the usual real planeve would:

switch coordinates with:
cCOw dOD
COw cOWa

Al
.................. A Y. R Y A
&l
aR2dza 4-I: WIQ G2
Al
e N P SNl BN i N
R A RE A T A YA T T Ve
&l

greg ehmka, 2013



A New Coordinate System for Complex Numbers

translate in both directions:

W W p

3

w Qap

greg ehmka, 2013
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3.31 Imaginary Slope

All of the detail we just applied to arrange the helix to match the historical Cycloid is to provide
a larger context for the actual 3Di equation of the Cycloid. In 3Di coordinates the Cycloid is
also a RSIP projection like many of the other historigales but the 3Di equation includes the
concept ofimaginary slope

As we saw previously, here is the graph of a line with equation:

®w Q& Qw

This line lies entirely on the TIP and is not visible in the FRP except athatlic@ncides

completely with thewraxis. The rotation that would bring thigdi to its present position can be
G0K2dAKG 2F SAGKSNI Fa Fy FANONIFG OKIFy3IAy3d Ada
of aircraft heading or spacecraft yawsh Y 3 A y I NB  45.02QoiSple0Slopdhg’ 4 SOG A 2
geometry and algebra of complex slope is presented in detail.

If we then take this imaginary sloped line aaudld it to a helix:

w QaQ Qo

The following graph results. The above line is included for reference:

greg ehmka, 2013
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91

The RSIP projection of this helix is then:

Fa
t

o

Pa 4

The RSIP projection will match the historical curve with an upward translation attfdnase

shift:

®w Qa Q

greg ehmka, 2013
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i
Fa
t

If we add a variable imaginary slofgiewhich will determine different values for the imaginary
rotation of the helix:

®w Qa Q Qa4 wp

These different imaginary slopes will project to the RSIP the different forms of the Cycloid. E.g.
the prolate cycloid, in red wit  ®hthe curtate cycloid, in black with  p® etc:
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3.4 HistoricalSpiralsn 3Di

3.41 Archimedes Spiral

And, in 3Di, he Archimedes spiral jastthe RSIP of:
®w Qa aQ

but, with areversal of the horizontal and the vertical ax&he historical curves on the left and
the RSIP curve is on the right.

Intervalm w p €&:

Historical RSIP
404 +y 404 +y

Superimposing the two graphs shows that they are symmetrical about thevlingy
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404

The RSIP (right side imaginary plane) has the imaginary valuearfisdomction on the
horizontalandthe real valles fromanyfunction on the verticalSq the historical curve is the
equivalent of reversing thishat is, graphing the real values on the horizontal and the
imaginary values on the vertical.

If the interval is extended ithe negative direction as well, with intervap ¢ @ p &:

Historical RSIP

Once againthe heart shaped loops, cardioigand variations thereof areccurringover and
over.

greg ehmka, 2013
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Here is the FRP on theft and thespiraling helibon the right
ﬂ 20+
| ﬂ ALl f\ T
-40 JU U TR U 2 40 6

204

342 CSNXI GO& { LJANJI €

i O— O p
CS NX I (i Gdhe RSIPAONJI f
W Qa &Q

With the same discussion asigwlating the RSIP and then reversing the graphing axes,
meaning a change of coordinate systefrsm 2D to 3Dwith:

cO® ¢O'Q
CO® dOW&

Intervalm @ p ¢:

Historical RSIP

greg ehmka, 2013
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As previously shown,ug to the graphingf the two square rootsthis is actually twdnelix
functions. Extending the interval to include negatiyéhe two helixes fositive rat in aqua
and neagative root in yellow), lus the side view projection of all four piecésositive and
yS3IGABS NR2G& ¥2NJ L dza FYR YAydza WEQ

Interval p¢ w p¢&:

Animation 10 QeEmat's iral HelixQ

greg ehmka, 2013
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3.43 Hyperbolic Spiral

2D Polaequation:

3DiHelixequation:
W Qo w Q

With the same discussion as to isolating the R&1B then reversing the graphing axes with:

cO® ¢O'Q
CO® dOa

intervalm @ p¢:

Historical RSIP

0.6

0.2 0z

=

@
2

-0.2; -0.2

Here is the helix with an increase in frequetiéff R 'y Ay ONBIF &S Ay | YLX A
graph more clearly:

® Qd dw Q 0 oh'Q o

greg ehmka, 2013



A New Coordinate System for Complex Numbers 100

Intervalm @ @":

The top view (TIP) of the hyperbolic spiral has an interesting griipte extend the interval to
include negativaV BH@ grgph is discontinuous at zerperiodic in both directionsandshows a

decreasing amplitudelt also shows constant frequeoy with periodequal to — .

w Qaodow Q 6 chQ ¢

TIP withmterval op w ¢":
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Bt iz

101

3.44 Lituus

2D Polar equation:

3Di helix equation:

w Qa wQ

With the two coordinate systems related as before:

cO® ¢O'Q
c0® dO

Graphing both roots witmiterval: T @

2D Polar 3Di RSIP
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102
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The two Lituusoots in helix form:

3.45 Helix Derivatives Lituus

An example of helixetivatives in 3Duising the Lituugsnd only the positive root
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104

The helixes rotate with each derivativeVith frequency,Q p,the amplitudesare the same

except for theasymptotic part of the graphWith frequencies other thap the amplitudes
expand exponentially with each derivative.

With™Q p:

With"Q p& uythe original helix

N a
T W

e
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Thefirst derivative is in violet:

105

-I3 I\Qi%:_ y I :J.' i
| %4 :
\‘\\_ )
—
The second derivative is in red:
\__,/ , l\ﬁ'ﬁ/—/e’;'—_\_ et
'I\,H k\/._-/ )
A
And, thethird derivative is irblue:
/N
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107
3.46 SquareCornu SpirdFresnel Integrals

The Cornu Spirdland Fresnel Integrdis

TN s

AIJ‘E‘\_/'\/\/“_{A /_'2\ ]

Are just the side and front views of tlspiralinghelixwith decreasing amplitude fazquation

w Qa Q Qi

As we saw isections3.1 The Elliptic Helpand 3.2 TheW€usped Helpby adding a second term
as a reciprocalamplitude and frequency characteristigse modified. le..

W "Qa 0Q 0Q Qi
greg ehmka, 2013
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Thespiralinghelix may be given different geometric shapes.

Saqwith® ofto pd & ¢hd & T determines the number of cusps

And, the side view in blue and the front view in black take ¥¢ lj dz NBhape2 NI/ dzQ

s

o

-2
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or,with®d cfo pd  &hd @ ofl Trighgular Corn@

o

Or,withe®d p&hd & chod

.'“'\./V'f kS

See section

12.41 Cornu SpirdFresnel 8rfacefor putting a surface othe Cornu Spiral.
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3.5 Conversion From 2D Polar to 3Di Coordinates

3.51 Cochleoid

Ly OF &S A rioticéd! idsyi€liing co8r8inate systems from 2D polar to 3Di for these
spirals, whategr operations are done on theté#;those same operations are done on the
O2SFFAOASY G WEQ A, vhe shécBiospiral BhBipesivilll SesyltanMRBIP.t K St A E
To illustrate, the Cochleoildas the polar equation:
. JOE+ |
[ (L)T w P
Beginning with the basic helix equation:
W QaQ
Then, placing the coefficien® £ Q
W Qa wQ
Then, performing thesame operations ot BLbNYQ Q Y
..., It w
W
And, with the usual change in coordinates:

cO® d¢O'Q
c0® 0OWa

greg ehmka, 2013
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interval T @ o g

2D Polar 3Di RSIP

-0.8 -0.6 -0.4 -0z 0.z 0.4 0.6 0.8 1 -0.8 -0.E -0.4 -0.2 . 0.4 o, 0.8 1

3.52 Conchoid

More generally, to convert from 2D polar to 3Di coordinatesye are two steps:

1) Replacd byaftoe Qo d o.

2) Inserti w asa coefficient of the helix.
Virtually any curveno matter how exoticthat is expressed in polar coordinates can be
converted to 3Di coordinates.

Here are the 2D projectiorfsom the resulting space curve for the Conchm@®Di:

2D Polar form: i © i Qg
3Di form: w Qa O w0 ARQ
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RSIP with interval © @ “:

-+ +}||

+iz

1y

The horizontal line ithe graphingsoftwareQ & | (tdic8nvidciithe graph acres Hbat

~

o -h-

The FRP graph is continuous. Interva® @ ¢“:
Ty

e
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TIP with interval ¢  ® ¢“:

+iz T

41

al

=X JI/—‘-\ /—-\h +x
} _;3 } -IE } _.4 UIQ } } f u } il3 t EI! }

il

44

-iz |

The vertical lines are thgraphing software connectingHs3
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3.6 Spira Mirabilis6 New 3DiEquations for thé&quiangulaiiral

Helixes provide an opportunity to generate completely new equations for many of the historical
curves.

The Equiangular or Logarithmic Spinaladdition to thepolar to3Diconversionhassome
other interestingwaysthat it can be generatedFor the most part the new forms may be made
as exact asebired by adjusting coefficientand with someadjustinggraphing axes.

i. thehistoricalform i ®Q

ii. the3Diconverted brm W Qa Q
iii. tK Scomplex & LJ2 v SfgrinA | £ Qb "Qa Q

iv. alogarithmic brm ®w QaQl bQ
v. acomplex basedrm W QaQQ 1Q
vi. a negative base form W QaQ Q

viiay WSELRYSYyQAdm NRoi & & @ND

The logarithmic, complex basgnd negative base forms generate the equiangular spiral in side
view from very diferent helixes(See sectio6.3 The HelixBaseb and Wavelength for helixes
with different bases.po the various coefficients have to be adjusted taking into consideration
helixdirection- real, imaginary, or bothandwhether the helix opensoward pasitive or
negativewy as well as helix developmermockwig (CW) or counterclockwise (CE\Bee
sectionsbelow.

3.61 In 3DiConverted Form

Historicalequation: i o
And so: i o
And, in 3Di: W Qai 0wQ wQ Q

Additionally, theA T afunction, as well as any trigonometric function, is equivalenising the
real and imaginary parts of the basic helix function.
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E.g,
o ea 1 QO
Qa4 dQ
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~

with & p & @

2D Polar

—, interval

pp —ho pt&:

3
o
3Di RSIP
- il m\
ll."fl. :/ R “1\\\
- : L ] : : : :
8 | i -4 3 '\: Sz ] a4 & 8 10
/
\ « /
\
LS
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Below, the FRP (front in violet) and TIP (top in red) views s$pvalingasymptotic amplitude

G2 GKS K2NAT 2y it t | Ejaddindreasing KithouyiGighiplitutledrtheWE Q R A
LI2aAGADBS WEQ RANBOUGAZY D ('t KCladgedidoalpeffecities || FAE
amplitude not the wavelength

20+
15+

10+

.1.5. H—

04

154+
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g

¥
V4
i e
77/

7 e

The three orthogonal plane projection views together:

greg ehmka, 2013



119

A New Coordinate System for Complex Numbers

IO
_..H_._._._.m”,%*“*“%”*”.”,%“*“,H*H*H*”.”.ﬂﬁ*ﬂ*“*“%”.”,“*H*”ﬁ.,“,H%”,”.“*Hﬁ*“ﬁ*ﬂ,ﬂuﬁﬂﬂ,ﬂﬂﬂﬂﬂﬂ

AR

L
2

LK

K AR XK
SR RO RO T e
XN
R RO
+ QAL
S AR P
AR A ey
s RS e
N N RS SO
R S S
| / :
o L
B e
T SRR
RN l

4
,:
B XXX
RSO RN
P
AL [
A AR
e N D A D P
R XXX
AN
R SO BAXR00
O R RSSO
O I
0 e
L \ AR e BRI
R /N SRSl
AT B0

TR A
:::::.E_p _.rf::z::.
:.,::5.,Z:.,.,.,.,,_,__.,:::.,E ::zzz:z:x
::E, aizzzfﬂ::::::Ei::::z
.zzzzzzzzzzzzzE,::::E:E:zzzz,zzz
:z.z:z:z::z:z:::“:, :z:z::z
..fff,,,.,,.,,,,,¢.,,.¢¢,,,,.,,.,¢,,,¢.,,,,,,,,,.,,,.¢¢,,¢..,,.
..***,*¢**..**’**¢*¢..*******,..,****¢*¢¢..**,*,**,,,****¢¢*¢
.¢¢¢¢444*¢+¢++4444‘*¢¢¢+¢444*¢¢+*4444444¢+¢+¢444¢¢¢+*+¢4444,
.,,,¢**‘***,,,***‘.¢¢¢,,¢**“***,,¢***¢.¢¢,ﬁ****‘.ﬁﬁﬁﬁ¢¢n,
_.
.,++,,++++¢.44.,+*¢+¢.++4,,+¢44.44..,+¢+¢.+++4,+¢4...44.

e
R R ORI O
R X XA
R
AR T
A RO
O X R XN
e
XA
R A G R G G GRN A R)
B A A A R GG G IGAK
R
b
A G GRS
R A A A A A A A GG
A

And, the spiraling helix itself:
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3.62¢ KSomex ELIZ V SyrinA | f Q C
© Q& Q

Here,this helix iscorrelated to the standard form by:

standard form i oQ
this exponential form w QaQ

The spirals will correlate i properly chosen coefficients,g,:
Examplel: @ p& wnh'Q ph™Q o8 X op T
Example2: @ p& ¢ uQ ph™Q cg§uvtT My
Example3: @ & yah Q ch 'Q pdH1 X

And switching the horizontal and vertical axes in RSIP is necessary for the helix form.

Example 1:
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Example 2:

Example 3:

See sectiori1l.21 Spira Mirabilig\gain for more on thea LJA Melatior§3l@ip to rotating
exponentials.
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3.63 In LogarithmicForm

The Equiangular SpiraslalsoO £ £ SR G KS W[addtlisMdkitgkohatethaf thidh NJ  Q
spiral can be generatelly using thelogarithm of animaginarynumberas a baske

The equation:
W QaQ

generates a klixwith constant amplitude 12 dz& G f A 1 S (séeSectioBdlzt S NI dzf S§ NIEXC
FormulaUpgradedHelixand Spiral Functionsexcept that this helix has a wavelength of 4
rather than2p. Further,by inserting a coefficient t@
W Qd 6Q

various spiraling helixes are generated and with -:
whichis:

o Qa1
Byinserting coefficientso £ Q,

® QaQl HQ
This may be made as exact as desired by adjusiihg Qin the converted formwith Q¢ @
in the logarithmic form
Examples:

i. Ford phiQ poe @ pho pg wmyBu w

i. Ford phiQ pwe @ ¢ pP o o ptwseven significant digits.
ji. Ford ¢ciQe @pmE Q phd p& wNMYuLv w

greg ehmka, 2013



A New Coordinate System for Complex Numbers 124

greg ehmka, 2013



A New Coordinate System for Complex Numbers 125

Here are the three 2D projection graphs superimposed on one andtinéhei & ¥ase helix.

|

Note wavelength 18

Violet = FRP
Red =TIP
Blue = RSIP

Interval-12p w p @:
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The same three 2D projection graphs orthogonal in space

,\

e

=
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Andsuperimposing the helix itself, inblaedK S F 8@ YLIG2GA O | YLX AGdzRS A &
direction:

li
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3.64 In Complex Base Form

The complex base form generates EquiangulaSpiraling Heliwith the following equation:

w QaQQ 10

This differs from theonvertedhistoricalform in the following ways:

1) ¢KS ALIANIfAY3I Fa@8YLWG2GAO | YL AGdzRS Aa Ay
yS3aAlLGAGBS WEQ RANBOGAZ2YT

2) 1a 6S aidlyR FyR FI 0S (KS L)} aW iathePtBan @B RA NB

3) The fixed waviength is approximately 5.9082@ther than 2;

To offset the differences it is necessary to switch the giaglaxes for one or the othefhen,
this form, as the coefficienf2is changedlines up with the converted/fistorical form in side
viewin aperiodicway! But only for certain values @3¢y ¢ &BSince there is only one
coefficient,Qin this form,it may be possilel to insert another coefficiensimilar tocin the
logarithmic fam) that lines them up for other values ¢ ¢ 6B

So for example, with®d pfto  p& v Ttixthe spiral lines up for:
Q 8ty hmdtmwp @ ppst T o gnal others.
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Converted/historical form in bluesomplex base form in red:

E,._

Animation11Q9 li dzA | Vv IHZR VNF SEA NI 8S C2N¥Q
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3.65 In Negative Real Base Form

When using a negative real base like
happening.

For example with:

the FRP graph is:

4ot

el

131

‘Qthe two dimensional wavelength & , but the
amplitudes become so largad so smako quicklythat it is difficult to see exactly what is

'Qd

lea 0 40 K] 20 tio
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And, the three dimensional graph is:

The larger the basbecomesthe shorter is the 2D wavelengtlgq if the base is made
extremely large:
I Q p® cvuvpT

w Qa T
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then, the 2D wavelength -:

0.4t

027
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And, the graphs become somewhat more manageabhipecially in the threglimensional
view.
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Animation 12 ®quianqular SpiddNegative Bas Fornt)

As with the complex base fornt is necessary to switch 2D graphing aixesne or the other
base formsAnd then by adding the adjusting coefficient as in the other forms:

W QaQ f
this spiral will line up with the converted/historical form gianly to the complex base form:
i.e., periodically for certain values 6§ & & ‘@BAnd, like the complex form it may be possible to
insert another coefficientghisomewhere that lines them up for other valuescof) ¢ &8

E.g,with & phd p& muvh'® 8o ot lbdwy T ang others.

See sectiold n 9 anlmiuld BaBradegEielixand Spiral Functiorfer a more general
analysiof KSt AESE YR ALANIfa& FyR | yentB)ELI YRSR Ay i SN
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http://youtu.be/t4GrhYZVz6g
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o®dcc Iy WSELBWSY GAFf NRGOGF G2 NDR

G VA D BEQ QY Q

See sectio®.40 The Equiangular Spirahd Cardioid Motion
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3.7 Additional Terms in thélelix Equation

The equation for the elliptal helix (sectior3.1 The Elliptic Heljx
W QaoQ 0670Q

is a special case of the equati®n?2 NJ W DetixdsiciR ia® cycloids and trodids, 0se curves,
foliums, etc. (sections3.2 The€usped Helito 3.26 Epigcloid Hyptrochoid Eptrochoid,

Hypacycloid;
Inthis elliptical helixequation,d> @ p W& & 6
®w Q& 0Q 6 Q

andthen® £t 26Ay 3 T2 NISRAZFYT SSNIB(¥HIRSIGUSEEEH|bdiaskiérded
to combine any number ofdtixes:

®w Qa QoQ 6Q 06Q ©0OQ 88
The coefficientQsenesl & | tatdtQIDisls fowpurposes of matching side views of the
resulting helixes to other grapher for orienting the side view a certain wé$eesection9.39

A Simple Rotatgrand so on.

Additionally, anyf thel YLJ A ( dzZRS =ZoeffickemtiNdBnjatzsShyg Drctidns:

~

Eg, 6 0 mhd & e G

Needless to say, this creates a vast arrayuofimited possibilities for new functionany and all
of whichmay bedifferentiated. See sectiong.7 HigherLevel Exponents
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3.71 Cardioid
The historical equation for the Cardiasl
i cop AT
with @ p8Using this morgeneralized helix equatigithe Cardiail:
®w Qa QoQ 0Q 0Q 0Q
has the following coefficients:

w ¢ch & p
0

)
o ph C o)

5 S S
g( g“
oo

Y

Note that, in this case, we did not directly convert the polar form to the helix fotrather just
found the right coefficientssummed two helixes with a constajand rotated it. 1.e.

®w Qa 00 ¢Q »p

2D Polar; intervalm —
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¥ 3

v, 20715942
364574513
theta: 0.6043429

3Di RSIP:
¥ 3

v, 20715942
t 56758424
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As the tracing coordinates show this equation is exadeastto 8 significant digits.

The full Cardioid Helix on the interval; o* w o

Animation13W/ I NReMZEQR |

3.72 Unification Note

As a side note of interesty the external linkhere, the historical formfor the Cardioidin
addition to polar coordinatess also given in a twdimensional Cartesian equatiohe,,

O 0 WO T O o 11
Given that the helix equatiowhich is aranscendental functionfor the Cardioids:
W Qa QQ cCQ p
this gives an algebraic form and a transcendental form for the same object in the same

coordinates. Thimaybe of signiftant potentialusefulnessn the eventual unification of
algebraic and transcendeaitfunctions.

3.73 Cardioid Derivatives
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http://youtu.be/g0G78mdr6lI
http://www-history.mcs.st-and.ac.uk/history/Curves/Cardioid.html
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Going to the Cardioid derivativesith coefficients asn the previous sectiofthe first
derivative (RSIP view) of the Cardioid is a Limacon, enlarged and rotated:

Q
W Qa —."Q0Q 0Q 0Q 00Q
Qw

The second derivative enlarges and rotates further:

Q
W Qa — " oQ 0'Q 0Q 00Q
O i)
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3.74 CNB S (i K Q awitthDeriviiveéR A R

2DPolar:
i Qp QOEE_T Q p
3Di with coefficients:
W Qda QoQ 0'Q 0Q 00Q

® oh @® ¢
h 6

o 81
-?ﬂg(
oo
5 A
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2D Polagraph Interval; ¢ W C

w-2

y. 2.024025
r 2.5454661 ;
theta: 23502242 i oo I L Y O A O >

3Di RSlgraph Interval; ¢ @ ¢ As with the Cardioid this equation is exact.

w-2 3

v 2024025

t-5.88745011

............................................................................................................ 2.
5 4
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CNXB S i K Q aspazesheli: N2 A R

CNESGiKQa bSLKNBARI FTANERG RSNAGFGADBS AYy o05A w{
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